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Abstract
This paper introduces a dynamical systems framework for

understanding stuttering, conceptualizing it as a qualitative shift
in speech articulation driven by a single control parameter. Us-
ing a forced Duffing oscillator model, we demonstrate how vari-
ations in the excitation frequency can account for transitions be-
tween fluent and stuttered speech states. The model generates
specific predictions about articulatory behaviors during stutter-
ing, which we test using real-time MRI data of stuttered speech.
Analysis of articulatory movements provides empirical support
for the model’s predictions, suggesting that stuttering can be
understood as a dynamical disease—an intact system operating
outside its typical parameter range. This framework offers new
insights into the nature of stuttering and potential approaches to
intervention.
Index Terms: stuttering, articulation, dynamical disease, dy-
namical system theory, hysteresis, Duffing oscillator

1. Introduction
Repetitive articulatory movements are a defining characteristic
of stuttered speech [1, 2, 3] and represent the earliest behav-
ioral marker in the developmental trajectory of stuttering [4].
Thus, it is not an overstatement to say they are the core behav-
ioral feature of developmental stuttering, constituting a key part
of its definition. However, possibly due to the historical lack
of articulatory data on stuttered speech, these repetitive move-
ments remain insufficiently studied, let alone modeled. In this
paper, we apply dynamical systems theory to model the emer-
gence and dissolution of these repetitive movements, using a
forced oscillator framework whose predictions we test with ar-
ticulatory data.

1.1. Dynamical systems theory approach to stuttering

Dynamical systems theory is a mathematical framework that
uses differential equations to model phenomena that evolve over
time and/or space, providing insights into the nature of these
changes. It has been applied in various fields such as physics,
biology, economics, engineering, ecology, and also speech mo-
tor control [5]. In 1977, Mackey and Glass introduced this ap-
proach to the study of human pathologies and coined the term
“dynamical disease” [6]. A dynamical disease involves changes
in the qualitative dynamics of some observable processes as one
or more control parameters are changed. Pathological states are
thus viewed as the result of a normal physiological control sys-
tem operating outside their typical range of parameters, suggest-
ing the possibility of returning to a healthy state by adjusting
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these parameters. Over the past several decades, the framework
of dynamical diseases has been applied to various pathological
conditions, such as cardiac and respiratory arrhythmias, epilep-
tic seizures, periodic hematological diseases, bipolar disorder,
and schizophrenia, yielding valuable insights into their nature,
diagnostics and treatment [7, 8].

Stuttering is well-suited to be studied under the framework
of dynamical diseases due to several of its fundamental char-
acteristics. [9] identified three types of qualitative changes in
dynamics associated with dynamical diseases: “(1) the appear-
ance of a regular oscillation in a physiological control system
not normally characterized by rhythmic processes, (2) the de-
velopment of new periodicity in an already periodic process,
and (3) the disappearance of a rhythmic process” (p. 17). Stut-
tering aligns with the first category, as the transition from flu-
ent speech to stuttering involves a qualitative shift in speech
production: in fluent speech, articulatory movements are typ-
ically viewed as a sequence of goal-directed, discrete actions
[10]; during moments of stuttering, these movements become
repetitive and can instead be viewed holistically as oscillation.

Importantly, the essence of a dynamical disease is an in-
tact physiological control system operating within an abnormal
range of control parameters. In the case of stuttering, there is no
identified difference in speech musculature between people who
stutter (PWS) and those who do not (PWNS) [11]. While some
structural and functional brain differences have been observed
between PWS and PWNS [12], these differences do not nec-
essarily indicate a pathological speech motor control system.
Instead, they could reflect compensatory adaptations or devel-
opmental variations that allow PWS to manage the demands of
speech production. [13] argued that PWS occupy the lower end
of a speech motor skill continuum rather than having a qualita-
tive difference from PWNS. It is also important to keep in mind
that stuttering is an intermittent phenomenon, as PWS are capa-
ble of producing perceptually fluent speech. Taken all together,
these factors suggest that the speech motor control system of
PWS is possibly intact but operates within an abnormal range
of control parameters during stuttering episodes. Identifying the
critical parameter(s) responsible for triggering stuttering could
open up new possibilities for treatment.

Although it has been suggested that dynamical systems the-
ory offers a framework for understanding stuttering [14, 15, 16],
very few studies have explored this approach in depth. Existing
research includes modeling work on trait differences in speech
rhythm between PWS and PWNS [17, 18, 19] and empirical in-
vestigations examining coordination dynamics in fluent speech
of both groups [20, 21]. No studies have applied dynamical sys-
tems theory to model the transition between fluent and disfluent
states in the speech of PWS. This paper begins this important
effort by proposing an explicit model and testing its predictions.
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1.2. Nonlinear modeling of speech movement

The primary mathematical tools for modeling dynamical dis-
eases are nonlinear dynamical systems, as nonlinear systems
can exhibit qualitative changes in behavior. In the context of
typical speech, the classic model for articulatory movement em-
ploys a linear system [22] (Equation 1). However, because this
linear system fails to accurately predict the velocity profiles and
kinematic relationships observed in articulatory experiments,
recent work [23] has proposed adding an nonlinear term to im-
prove the model’s fit to real kinematic data (Equation 2).

ẍ+ bẋ+ kx = 0 (b > 0, k > 0) (1)

ẍ+ bẋ+ kx− dx3 = 0 (b > 0, k > 0, d > 0) (2)

In fact, Equation 2 is a special case of the Duffing oscillator
[24], a well-known nonlinear dynamical system. A standard
Duffing oscillator is driven by an external periodic force and
can be expressed as:

ẍ+ δẋ+ αx+ βx3 = γ cos(ωt) (3)

Here, x is the displacement, δ is the damping coefficient, α is
the linear stiffness coefficient, β is the nonlinear stiffness coef-
ficient, γ is the amplitude of the periodic forcing, and ω is the
angular frequency of the periodic forcing. While [23] set the ex-
ternal forcing term γ to 0, we propose reintroducing a nonzero
forcing term (γ > 0) to model both fluent and stuttered speech,
as we will elaborate in Section 1.3.

This modification addresses key limitations of the unforced
Duffing oscillator in modeling stuttering. Without periodic forc-
ing, the system can only produce oscillations under zero damp-
ing, a condition that is unrealistic in biological systems. Fur-
thermore, the amplitude of the oscillation generated in such a
scenario depend on the initial state, which does not align with
observed characteristics of stuttering (e.g., the overall amplitude
of lip oscillation during stuttering does not appear to be deter-
mined by the degree of lip closing in the initial half-cycle). A
forced Duffing oscillator, on the other hand, may offer a more
promising model for capturing the complex oscillatory behav-
ior seen in stuttering, where the force act as an external trigger
for stuttering (the interpretation of the external force will be dis-
cussed in Section 5).

1.3. Forced Duffing oscillator

In this paper, we propose using a forced Duffing oscillator
to model articulatory oscillation during stuttering. The same
model is also hypothesized to underlie fluent speech, as we will
demonstrate shortly. Like [23], we assume a monostable, soft-
ening Duffing oscillator (i.e., α > 0, β < 0). As a nonlin-
ear oscillator, it exhibits distinct behaviors compared to linear
systems in response to external forces, allowing us to generate
predictions for articulatory behaviors during stuttering.

First, resonance of nonlinear systems does not occur when
the frequency of the external force (i.e., excitation frequency,
ω) equals the natural frequency of the system (ω0). As shown
in Figure 1a, the frequency response function (i.e., amplitude
of the steady-state oscillation as a function of the excitation fre-
quency) of a forced Duffing oscillator has its peak tilted towards
the lower-frequency side when β < 0 and towards the higher-
frequency side when β > 0. Regardless of the value of β, the
frequency of the response oscillation generally equals the exci-
tation frequency, as shown in Figure 1b.

Additionally, in forced Duffing oscillators, the amplitude of
response oscillation exhibits discontinuity when the excitation

Figure 1: (a) Amplitude and (b) frequency of steady-state oscil-
lation as a function of excitation frequency. Parameters: α = 1,
γ = 1, δ = 0.1, β = [−0.003, 0, 0.01].

Figure 2: Simulated frequency response function for increasing
and decreasing ω in the range of 4.5 to 6 Hz. Parameters: see
Section 4.

frequency (ω) crosses a critical value, as shown by the sudden
jumps in the response functions in Figure 1a. For β < 0 (the
condition we are interested in), the amplitude begins to increase
as ω rises, then suddenly jumps up when ω reaches a critical
value. After that point, the amplitude decreases as ω continues
to increase. If we assume that the lower amplitude oscillation
before the critical point of ω exists in fluent speech but is not ob-
servable in articulation, the sudden jump up could be seen as the
moment stuttering occurs—the oscillation becomes significant
and observable in articulation. Thus, we hypothesize that the
excitation frequency (ω) is the control parameter for triggering
stuttering.

Another important phenomenon in forced Duffing oscilla-
tors is hysteresis, which means the change of the system not
only depends on the current state but also on its history. As
shown in Figure 2, when ω slowly increases from the lower
end, the response amplitude jumps up at a critical frequency,
ω1. However, when ω slowly decreases from the higher end,
the sudden jump down in response amplitude occurs at a dif-
ferent frequency, ω2. The critical value of ω depends on the
direction of frequency change.

Based on these characteristics, we can form several predic-
tions for articulatory oscillations during stuttering. We suggest
that entering a stuttering state corresponds to an increase in ω
beyond a critical value, ω1, and exiting the stuttering state re-
quires a decrease in ω. Since the frequency of the resulting
oscillation is the same as the excitation frequency (ω), the first
prediction is that the frequency of articulatory oscillation de-
creases towards the end of stutters. Then, given the shape of the
frequency response function, as ω decreases, the amplitude of
the response oscillation actually increases. So, the second pre-
diction is that the amplitude of articulatory oscillation increases
towards the end of stutters. The stuttering state will persist until
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ω reaches ω2, the point at which the response amplitude sud-
denly drops. Note that the magnitude of the jump up at ω1 is
smaller than the magnitude of the jump down at ω2. Therefore,
the third prediction is that the change in the oscillation am-
plitude when entering a stutter is smaller than the change when
exiting.

We test these predictions in the articulatory data of one
adult who stutters, with methods described in Section 2. The
results are presented in Section 3. A toy model of stuttering us-
ing forced Duffing oscillator is presented in Section 4. Section
5 discusses the results and the model.

2. Methods
The participant is a 47-year-old adult who stutters. The artic-
ulatory data are a subset of real-time MRI speech production
videos of adults who stutter [25], captured using a 0.55T MRI
system (Siemens Aera XQ) in the mid-sagittal plane. The re-
constructed videos have a spatial resolution of 2.3 × 2.3 mm2

and a temporal resolution of 10.06 ms per frame (99.4 frames
per second). For this study, we focus on the lip oscillations dur-
ing perceived repetitions of /b, p, m/ and tongue tip oscillations
during perceived repetitions of /t, d, n/. Two circular regions-
of-interest (radius: 4 pixels) were placed respectively between
the lips and under the alveolar ridge to capture pixel intensity
changes, which serve as proxies for changes in constriction de-
gree at these two regions. The yielded pixel intensity time series
were smoothed using a wavelet transform-based method to re-
move small fluctuations caused by MRI image noise instead of
articulator movement. Time series were then trimmed based on
20% velocity threshold, yielding the intervals from the onset of
the closing movement, through the oscillatory part, to the offset
of the opening movement that connects to the following fluent
speech (Figure 3a).

Since the model and predictions need to be tested in sig-
nals with clear oscillatory characteristics, we first selected to-
kens based on their periodicity metrics. Specifically, we com-
puted the autocorrelation of each signal. Only tokens that ex-
hibit at least two peaks in the autocorrelation function were re-
tained, resulting in a total of 83 valid tokens (66 lip oscillation,
17 tongue tip oscillation). Then we performed spectral analy-
sis to determine the dominant frequency, focusing on the 1–10
Hz range for interpretability, as these signals reflect articula-
tor movements. Each signal was mean-centered to remove the
DC offset and tapered with a Hanning window of the full sig-
nal length. A 512-point Fast Fourier Transform was applied.
The dominant frequency was identified as the highest peak in
the spectrum within the 1–10 Hz range. Then, since signals do
not always oscillate around a steady mean, we computed the
moving mean using the one cycle of the dominant frequency as
the window size to detrend the signal. Over the detrended sig-
nals, we then applied Hilbert transform to extract instantaneous
frequencies and their corresponding amplitudes. To test predic-
tions 1 and 2, we analyzed the temporal evolution of articulatory
oscillations by fitting linear regression lines to the instantaneous
frequencies and amplitudes within the final 14% of each signal
(Figure 3c, 3d). This window was selected based on systematic
exploration of different temporal windows (ranging from 10%
to 50% of signal duration), which revealed that this portion op-
timized the linear fits for both frequency and amplitude trends,
as measured by the product of the median adjusted R2 values
for amplitude and frequency fit across all tokens (see Section
3.2). To test prediction 3, we compared the amplitude of move-
ment when entering and exiting stuttering (shaded areas in Fig-

Figure 3: (a) Pixel intensity signal presenting lip opening and
closing over time. (b) Processed signal after mean-centering
(gray) and detrending (black). (c) Instantaneous frequencies of
the detrended signal and (d) corresponding amplitudes.

ure 3a). As a baseline, we also compared the amplitude of the
closing movement and opening movement in the participant’s
fluent articulation of same phonemes.

3. Results
3.1. Frequency of articulator oscillation during stuttering

With lip oscillation and tongue tip oscillation tokens pooled to-
gether, the dominant frequency falls in the range of 5.5-6 Hz.
(Figure 4). This finding is consistent with [26], who found peak
frequencies of 5-6 Hz in lower lip oscillations during bilabial
disfluencies.

Figure 4: (a) Histogram of dominant frequencies. (b) Average
power spectrum.

3.2. Change of frequency and amplitude during stuttering

Within the final 14% of the signals, 60% of the examined to-
kens exhibit both a decreasing trend in instantaneous frequen-
cies, and an increasing trend in the amplitudes. The portion of
the signal was chosen because it yielded the highest combined
model fits for frequency and amplitude, based on the product of
median adjusted R2 values (Figure 5).
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Figure 5: Relationship between portion of signal analyzed and
the product of median adjusted R2 values.

3.3. Movement amplitudes entering and exiting stuttering

The amplitude of lip movement out of oscillation was found to
be significantly greater than the amplitude of lip movement into
oscillation (66 paired observations, Wilcoxon signed rank test:
p < 0.001,W = 344), and the same was observed for tongue
tip oscillation (17 paired observations, Wilcoxon signed rank
test: p < 0.001,W = 0) (Figure 6). For fluent speech, no
significant difference was observed in the movement amplitude
into and out of a constriction target for lip gestures (48 paired
observations; Wilcoxon signed rank test: p = 0.07,W = 410)
and tongue tip gestures (8 paired observations; Wilcoxon signed
rank test: p = 0.74,W = 15).

Figure 6: (a) Lip movement amplitudes and (b) tongue tip move-
ment amplitudes into and out of oscillation.

4. Toy model
Given that stuttering oscillation exhibits its strongest dominant
frequency at approximately 5.5 Hz, it is desirable to have large-
amplitude oscillations around 5.5 Hz in the simulation. Since
resonance happens at a frequency lower than the natural fre-
quency (see Figure 1), we estimate the natural frequency of the
Duffing oscillator as 6 Hz. With the natural frequency estab-
lished, we can determine the value of α, which is (2π · 6)2 =
1412.2. To create a suitable frequency response function, we
then set β = −1100, δ = 2, γ = 100. The resulting fre-
quency response function in the range of 4.5 to 6 Hz is shown
in Figure 2. When ω is increasing, the critical value where the
amplitude of response oscillation jumps up is around 5.12 Hz
(ω1), whereas when ω is decreasing, the amplitude jumps down
around 4.74 Hz (ω2).

The transition from fluent speech to stuttered speech and
then back to fluent speech is hypothesized as a result of first
increasing ω and then decreasing ω. A simulated time series
illustrating the transition dynamics is shown in Figure 7. While
the simulation uses an extended temporal window to ensure sta-
ble system behavior, it demonstrates the key qualitative features
of state transitions similar to those seen in stuttering. The am-
plitude of oscillation significantly increases at the 8th second,
marking the start of the stuttering state. This large-amplitude

oscillation continues until the 32nd second, indicating the end
of the stuttering state. Of particular interest are the two shaded
areas (i.e., from the 4th second to the 8th second, and from the
28th second to the 32nd second), where the values of ω are the
same but the amplitudes of oscillation differ remarkably due to
hysteresis. This hysteresis effect determines that decreasing ω
below ω1 does not immediately terminate the large-amplitude
oscillations; instead, the system must pass through a period of
increasing amplitude before the sudden drop (shaded area 2).

Figure 7: Duffing oscillator response to time-varying excitation
frequency.

5. Discussion
This paper presents a novel conceptual framework for under-
standing the transitions between fluent and stuttered speech
through a dynamical system perspective. Our forced Duffing
oscillator model captures several key qualitative features ob-
served in real articulatory data of stuttering: the sudden onset
of observable oscillations, the concurrent changes in oscilla-
tion frequency and amplitude during stuttering, and asymmetric
transitions into and out of stuttering states.

As the model is still under development, several important
questions remain open. First, what does the excitation force
correspond to, and why would the excitation frequency remain
stably on the lower side for PWNS but easily cross the critical
value for PWS? One hypothesis is that the excitation force cor-
responds to an internal timekeeper for speech. Evidence from
both behavioral studies [27, 28, 29] and brain imaging stud-
ies [30, 31] suggests that PWS have less stable internal time-
keeping. This instability might explain why PWS experience a
wider range of excitation frequencies. Second, the relationship
between our model and real stuttering episodes requires more
consideration. Any forced system undergoes an initial transient
phase before reaching steady-state oscillation, during which the
system’s behaviors are unsteady and irregular. Some stuttering
episodes may contain a larger proportion of transient responses
rather than predominantly steady-state behavior, which could
explain why not all stuttering tokens show the predicted trends
of decreasing frequency and increasing amplitude. Our current
simulation uses an extended temporal window to ensure stable
system behavior, but real stuttering episodes typically occur on
shorter timescales where transient effects may be more promi-
nent. Third, our current simulation focuses on demonstrating
fundamental principles of the model rather than providing de-
tailed articulatory trajectories. To achieve a simulation of actual
articulatory trajectories, a composite model that integrates dis-
crete movements and oscillation might be necessary. Together,
these questions highlight important avenues for future research
as we refine our model to better capture the complexities of stut-
tering.
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