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Abstract
In media technology, comparison of a sequential data with an-
other is a fundamental technique for many applications, and dy-
namic time warping is often conducted. Conventionally, two
sequences of raw features were compared, and recently, more
abstract representations are used, which are obtained with deep
neural networks. One of these representations is posteriorgram,
where each frame is composed of n-dimensional class posteri-
ors, and frame-to-frame distance is often calculated using a di-
vergence metric such as Bhattacharyya distance. In this study,
a novel method is proposed to distill the class-to-class distances
encoded in any classifier used to calculate posteriors, and the
distances are effectively used to accelerate posteriorgram DTW
by approximating it as DTW between two sequences of most
likely classes. Our proposal shows a much faster and even sta-
bler performance and guarantees no requirement of calculating
frame-to-frame distances on the fly during DTW processing.
Index Terms: Class-to-class distances, dynamic time warping,
Bhattacharyya distance, Bayes’ theorem

1. Introduction
In processing sequential data stream such as speech, text, video,
etc, one of the fundamental operations is comparison between
two sequences, where a sequence is aligned temporally to the
other so adequately that the mismatch between the two can be
minimized. In speech processing, a pair of utterances of the
same linguistic content, e.g., a) a neutral speech and an expres-
sive one, b) a human speech and a machine one, c) a typical
speech and an atypical one with speaking disorder, and d) a na-
tive speech and a non-native one, are compared with the algo-
rithm of dynamic time warping (DTW) [1, 2, 3, 4, 5]. While two
sequences of raw features such as MFCC were compared con-
ventionally, more abstract representations such as embedding
features and class posteriors are used recently for comparison
[6]. In this paper, we aim at accelerating DTW between two
phonetic posteriorgrams (PPGs), where a speech frame at time
t, st, is an n-dimensional vector composed of posteriors for n
speech classes. By using PPG, extra-linguistic gaps between the
two inputs, i.e., gender and age gaps, are well suppressed.

DTW processing can be divided into two steps: 1) calcu-
lating the L×M matrix of frame-to-frame distances where L
and M denote the length of a sequence and that of the other and
2) searching for the optimal path which can guarantee the best
temporal alignment between the two. To the best of the authors’
knowledge, researchers’ efforts to accelerate DTW were often
concentrated on the second step [7, 8, 9], because computational
complexity for finding the optimal path is O(LM) and, by re-
ducing it, DTW can be accelerated. In this paper, however, we
intentionally focus on the first step, because PPG can be calcu-

lated not rarely with such a high dimension as several thousands
although MFCC always had a few tens of dimensions at largest.
When a posterior vector has a large number of dimensions and
the local distance is calculated using divergence metric such as
Bhattacharyya distance, we can claim that computational cost
for the first step is not ignorable.

If we select the most likely class (MLC) for st, a posteri-
orgram is converted to a sequence of MLCs. This may corre-
spond to the phonetic transcript for that speech, where a human
transcriber determines a unique phone class for each speech
segment. In studies of speech sciences, DTW between two
sequences of phonetic symbols is often used. Here, symbol-
to-symbol (class-to-class) distances were predefined and used
for DTW [10, 11]. If the distances were unavailable, however,
the edit distance or Levenshtein distance between the two se-
quences was used [12]. Here, the symbol-to-symbol distance
is simplified to be 0 when the two symbols are identical and 1
when they are not. If PPG-based DTW can be approximated as
MLC-based DTW using a good enough definition of class-to-
class distances, PPG-based DTW will be accelerated, because
the first step of DTW can be completed only with table look-up.

The biggest problem in this approach, however, is how to
prepare a good enough definition of class-to-class distances.
When two phoneticians transcribe a single speech sample, their
transcripts not rarely vary to some degree. This may imply that
class-to-class distances may differ between the two. In [11], the
class-to-class distances were prepared by referring to a classi-
cal theory of the distinctive features [13]. If another theory is
referred to, a somewhat different definition may be derived. In
[10], the distances were obtained by collecting a large enough
number of repeated productions of 212 different kinds of phones
from a single phonetician and calculating the distance between
any pair of the 212 phone HMMs. If another phonetician gives
his/her samples, however, it may introduce a somewhat differ-
ent definition of the class-to-class distances.

The authors consider that, when a computer program is
used for PPG calculation, the optimal solution is to distill or
disclose the class-to-class distances encoded in the program and
to use the distances to approximate PPG-based DTW as MLC-
based DTW. In this paper, WSJ-Kaldi [14] is used as PPG cal-
culator, but our proposal can be applied with no modification to
any type of classifies if they calculate class posteriors.

2. Distillation of inter-class Bhattacharyya
distances from WSJ-Kaldi

2.1. Redefinition of the Bhattacharyya distance

Our method of distilling the class-to-class Bhattacharyya dis-
tances (BDs) from a specific classifier is based on the definition
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of BD [15]. BD between two classes of i and j is defined as

BD(i, j) = − lnBC(i, j) (1)

BC(i, j) =

∫ √
P (x|c = i)P (x|c = j)dx, (2)

where c and x are random variables for class and observation.
BC is Bhattacharyya coefficient. With Bayes’ theorem, BC can
be rewritten, or redefined as

BC(i, j) =

∫ √
P (c = i|x)P (x)

P (c = i)

P (c = j|x)P (x)

P (c = j)
dx

=
1√

P (c = i)P (c = j)

∫
P (x)

√
P (c = i|x)P (c = j|x)dx

= E
[√

P (c = i|x)P (c = j|x)
]
P (c = i)−

1
2P (c = j)−

1
2 .

By using a large enough number of unbiased samples {xn},
BC(i, j) is approximated in [16] as B̂C(i, j)

B̂C(i, j) =

[
1

N

∑
n

√
P (c = i|xn)P (c = j|xn)

]
×

[
1

N

∑
n

P (c = i|xn)

]− 1
2
[
1

N

∑
n

P (c = j|xn)

]− 1
2

. (3)

Here, P (c=i|xn) and P (c=j|xn) are posterior probabilities of
classes i and j given observation xn, and they can be obtained
by inputting xn to the DNN model of WSJ-Kaldi. N is the total
number of the unbiased samples.

In [16], using another speech database than WSJ, the entire
set of BDs for any class pair were obtained in advance and used
for language identification. In this study, the pre-stored BDs are
used to approximate PPG-based DTW as MLC-based DTW.

2.2. Expected benefits of using the redefined BD for DTW

For two speech frames of xt1 and yt2 , which are observed at
time t1 in PPG x and at time t2 in PPG y, BC between the two
frames is calculated as

BC(xt1 , yt2) =
∑
c

√
P (c|xt1)P (c|yt2), (4)

and its BD is obtained as negative logarithm of the BC. While
(2) calculates BC between two classes by quantifying how
largely their observations are overlapped, (4) calculates BC be-
tween two frames by quantifying how largely their class poste-
riors are overlapped.

In the conventional method of PPG-based DTW, calcu-
lation of (4) was run for all the frame pairs formed from
the two PPGs to derive the L×M distance matrix. In this
study, our proposed method approximates BC(xt1 , yt2) simply
as B̂C(MLC(xt1),MLC(yt2)), where MLC(xt) is the most
likely class of xt. Figure 1 illustrates the two methods of calcu-
lating BC. It is obvious that our proposal calculates BC and BD
between any two classes in advance before conducting DTW.
In the conventional method, however, for each frame pair, it re-
quires C multiplications and C square root operations during
DTW processing, where C is the number of speech classes. In
our proposal, however, these are not needed at all, where the
frame-to-frame distance is obtained only by table look-up. This
will drastically reduce the computational cost in the first step of
DTW, but we can point out another benefit of our proposal.

yt2

xt1

BD

P (c|xt1) P (c|yt2)

Direct calculation of BC as BC(P (c|xt1),P (c|yt2))

Approximate calculation of BC as BC(MLC(xt1),MLC(yt2))

MLC(xt1) MLC(yt2)

Figure 1: Two methods of calculating BC for BD in DTW

Although BD is widely used in applications, which quanti-
fies separation of two distributions, it is infamous for its infin-
ity problem. If two distributions have completely no overlap,
BC becomes zero, which leads BD to infinity. Although this is
mathematically correct, since the two distributions may be esti-
mated only from several samples, no overlap will be attributed
to lack of reliability of estimation. To make applications more
robust, stable and reliable calculation of BC is desired. In the
proposed method, its BC is calculated with a large enough num-
ber of samples {xn} from a dataset independent of the two input
sequences for DTW. Practically speaking, the proposed method
never calculates BD to become infinity.

2.3. Generalizability of the proposed method

f -divergence [17] is a family of divergence metrics defined be-
tween two classes of i and j as

Df (i, j) =

∫
P (x|c = j)f

(
P (x|c = i)

P (x|c = j)

)
dx. (5)

Here, f is a convex function of [0,+∞)→(−∞,+∞] such that
f(x) is finite for all x>0, f(1)=0, and f(0)=limt→0+ f(t).
Bhattacharyya Coefficient (BC), KL-divergence and its sym-
metric version, Hellinger distance, Pearson divergence, Jensen-
Shannon divergence, and so forth are derived as special forms
of f -divergence, where different convex functions are applied
[18]. Any kind of f -divergence is applicable to posteriorgram-
based DTW, whose computational cost can also be reduced by
applying Bayes’ theorem. Df (i, j) is redefined as

Df (i, j) =

∫
P (x|c = j)f

(
P (x|c = i)

P (x|c = j)

)
dx

=

∫
P (c = j|x)P (x)

P (c = j)
f

(
P (c = i|x)
P (c = j|x)

P (c = j)

P (c = i)

)
dx

=
1

P (c = j)
E

[
P (c = j|x)f

(
P (c = i|x)
P (c = j|x)

P (c = j)

P (c = i)

)]
. (6)

The above expectation E can be approximated by using a large
enough number of unbiased samples {xn} in a way similar to
(3). In the following sections, we test our proposed method by
using the Bhattacharyya distance1, but it is highly expected that
the obtained results and performances will be valid when other
divergence metrics are used if they belong to f -divergence.

3. Validation of the proposed method
3.1. Questions raised to validate the proposed method

Each frame of posteriorgram is composed of class posteriors,
and using the entire set of inter-class distances, it is possible to
merge similar enough classes into a single class, i.e., agglomer-
ative clustering. Granularity of classes in DTW should be fixed

1BC is derived by applying f(t) =
√
t to f -divergence, where t =

P (x|c = i)/P (x|c = j)
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depending on the purpose of application or task. In this paper,
the proposed method is tested for different numbers of classes,
artificially prepared by agglomerative clustering.

Generally speaking, lower granularity causes the infinity
problem more often, and even when the problem does not take
place, the BD may have an extremely large value due to lack of
reliability in estimating the two distributions.

Our proposal of (3) is purely derived through mathematical
approximation, but the original BC of (4) and our proposal of
(3) differ clearly in that the former is summation over classes
and the latter is summation over samples. While it is expected
that BD calculated from (3) will be highly correlated with BD
from (4), they may still have some gaps between them. To the
original BC [0, 1] of (4), negative logarithm is applied to obtain
its BD [+∞, 0]. To (3), another function may be adequate to
reduce the gap between the two kinds of BDs.

3.2. Experimental setup

To make our experiment compact while examining different
functions of DTW, we tested DTW using native (model) and
non-native (learner) samples, recorded in a language class of
English. In [19, 20, 21, 22], DTW was applied to quantify both
pronunciation gap between models and learners and listening
disfluency observed in learners. For recording, an about 30-sec
long model speech was presented to a learner, who was asked
to shadow the model speech and script-shadow it. Shadowing is
the task of repeating a given speech while listening with as short
delay as possible. Script-shadowing is a special form of shad-
owing, where the text of the model speech is visually presented
and the learner shadows while viewing the text. After script-
shadowing, the learner was asked to read aloud the text without
audio input. If the learner had listening troubles in shadowing,
shadowing disfluency took place, measured as DTW between
shadowing (S) and scirpt-shadowing (SS), DTW(S,SS), and it
was interpreted as listening disfluency. On the other hand, DTW
between the model speech (M) and the learner’s reading aloud
(R), DTW(M,R), quantified pronunciation gap between them.

Two model samples, male and female, were used and are
denoted as Mm and Mf , respectively. Their passages differed
between them. Two learners, male and female, shadowed and
script-shadowed Mm and Mf , and then they read aloud the
text of Mm and Mf . These speeches are denoted as Sx, SSx,
and Rx (x=m, f ). While DTW(Sx,SSx) is always within-
speaker DTW, DTW(Mx,Ry) is always cross-speaker DTW,
and in some cases, it is even cross-gender DTW.

As explained in Section 2.2, our proposed method requires
a speech corpus for unbiased sampling, which is independent
of test samples of Mx, Sx, SSx, and Rx. For this aim, we used
the TIMIT speech corpus [23], which was designed as phone-
mically rich and balanced corpus of American English. The
authors consider that the corpus is very suitable to make our
proposal of (3) practically reasonable and feasible. The total
number of frames in all the speech samples of TIMIT, which is
N in (3), is so huge as 1.4 millions.

As mentioned in Section 3.1, the proposed method is exam-
ined for different numbers of classes. Since the default script of
WSJ-Kaldi converts any input speech into its 3,386-dimensional
posteriorgram with 10ms frame shift, the baseline number of
classes is 3,386. With TIMIT-based unbiased sampling, (3) de-
rives the class-to-class BDs among the 3,386 classes. Using the
distances and agglomerative clustering, the dimension can be
reduced from 3,386 down to any number. Here, 2,000, 1,000,
and 500 were used to test the proposed method.

Table 1: Correlations between PPG-DTW and MLC-DTW in
different conditions

(a) No moving average
dim S1m,SSm S1f ,SSf Mm,Rm Mf ,Rf Mm,Rf Mf ,Rm avg

3,386 0.79 0.75 0.81 0.75 0.82 0.80 0.78
2,000 0.64 0.65 0.71 0.67 0.68 0.71 0.67
1,000 0.56 0.61 0.63 0.68 0.66 0.66 0.62
500 0.67 0.65 0.69 0.66 0.60 0.65 0.65

(b) 100ms moving average
dim S1m,SSm S1f ,SSf Mm,Rm Mf ,Rf Mm,Rf Mf ,Rm avg

3,386 0.89 0.87 0.91 0.86 0.92 0.91 0.89
2,000 0.74 0.81 0.83 0.81 0.81 0.84 0.80
1,000 0.69 0.73 0.77 0.83 0.76 0.80 0.75
500 0.80 0.79 0.79 0.79 0.74 0.78 0.79

(c) 200ms moving average
dim S1m,SSm S1f ,SSf Mm,Rm Mf ,Rf Mm,Rf Mf ,Rm avg

3,386 0.92 0.90 0.93 0.89 0.95 0.93 0.92
2,000 0.76 0.85 0.87 0.86 0.86 0.88 0.83
1,000 0.71 0.78 0.81 0.88 0.81 0.83 0.79
500 0.84 0.82 0.81 0.83 0.80 0.81 0.82

(d) 300ms moving average
dim S1m,SSm S1f ,SSf Mm,Rm Mf ,Rf Mm,Rf Mf ,Rm avg

3,386 0.93 0.91 0.95 0.92 0.96 0.95 0.93
2,000 0.77 0.86 0.88 0.88 0.88 0.89 0.85
1,000 0.72 0.80 0.84 0.90 0.83 0.85 0.81
500 0.86 0.84 0.83 0.86 0.86 0.82 0.85

The aim of the experiment to assess the proposed method
in term of two functions of quantifying listening disfluency and
pronunciation gap with different numbers of classes.

After conducting PPG-DTW(X,Y) and MLC-DTW(X,Y)
with the symmetric and simplest local constraints, the local dis-
tance was calculated for each time index of SS or M. Then, the
distances were compared between PPG and MLC. Approxima-
tion performance of (3) is quantified both as correlation and ap-
proximation error. For a pair of input speeches, since the frame
shift is 10ms, the average number of local distances on one op-
timal path is about 2.5 thousands, which is large enough.

4. Results and discussion
4.1. Correlations between MLC and PPG

MLC-DTW is compared with PPG-DTW in different condi-
tions and their correlations are shown in Table 1. (S1x,SSx)
are within-speaker DTWs, and (Mx,Ry) and (Mx,Rx) are cross-
speaker DTWs. Since the DTW scores with 10ms frame shift
inevitably have random fluctuations along the time axis, the
DTW scores are often averaged for the interval of a phoneme, a
syllable, and a word. Therefore, 100ms-, 200ms-, and 300ms-
moving average were applied on both PPG-DTW and MLC-
DTW. The correlations after applying moving average are also
shown in Table 1. In each table, for each dimension, the aver-
aged correlation over all the cases of (S1x,SSx), (Mx,Rx), and
(Mx,Ry) is also calculated.

Firstly, we focus on the correlations of (a), which are calcu-
lated without moving average. It seems that the correlations are
independent of whether DTW is conducted in a speaker-closed
mode or in a speaker-open mode. This is considered to be due
to good suppression of extra-linguistic factors in PPG. Further,
the highest correlation is always found with the highest dimen-
sion in every condition of DTW. By smoothing the DTW scores
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(a) No moving average

MLC-DTW(3,386)

No MA

PPG-DTW(3,386)

Corr. = 0.824

PPG-DTW(500)

MLC-DTW(500)

No MA

Corr. = 0.597

PPG-DTW(500)

PPG-DTW(3,386)

No MA

Corr. = 0.434

MLC-DTW(500)

MLC-DTW(3,386)

No MA

Corr. = 0.434

(b) 300ms moving average

MLC-DTW(3,386)

MA(300ms)

PPG-DTW(3,386)

Corr. = 0.959

PPG-DTW(500)

MLC-DTW(500)

MA(300ms)

Corr. = 0.855

PPG-DTW(500)

PPG-DTW(3,386)

MA(300ms)

Corr. = 0.702

MLC-DTW(500)

MLC-DTW(3,386)

MA(300ms)

Corr. = 0.751

Figure 2: Approximation errors observed in MLC and PPG

along the time axis by moving average, the correlations became
higher in (b), (c), and (d) in this order. With the dimension of
3,386, the averaged correlations are 0.89, 0.92, and 0.93 for (b),
(c), and (d), respectively, which are much higher than passage-
level averaged inter-rater correlation of 0.79 [24].

4.2. Approximation errors between MLC and PPG

Approximation errors between MLC-DTW and PPG-DTW are
discussed by examining DTW(Mm,Rf ). In Figure 2, in both
cases of (a) no moving average and (b) 300ms moving average,
four DTW comparisons are drawn, i.e., two DTW implemen-
tations of (PPG, MLC) × two dimensions of (3,386, 500). In
the comparison of PPG(3,386) and MLC(3,386) on the top in
(a) and (b), they show large approximation errors, although the
correlations are very high. From the top two subfigures in (a)
and (b), it is clear that PPG tends to have larger BDs than MLC,
and that the differences between PPG and MLC are larger in the
lower dimension of 500. From the third subfigures in (a) and
(b), the smaller dimension of 500 shows larger BDs than that of
3,386 in PPG, but from the last subfigures in (a) and (b), it can
be said that MLC-based BDs are independent of the dimension.

These findings are attributed to the differences between the
two definitions of BC, (3) for MLC and (4) for PPG. In the
latter case, as explained in Section 2.2 and Section 3.1, PPG-
DTW with a lower dimension can have extremely large BDs.

Prediction from

MLC-DTW(3,386)

PPG-DTW(3,386)

Figure 3: Prediction of PPG-DTW from MLC-DTW

By comparing the continuous definition of BC in (2) and the
discrete definition of BC in (4), this undesirable property of (4)
can be viewed as discretization error, which inevitably becomes
larger with lower dimensions. Although 3,386 is the highest
dimension tested in the experiment, no one can deny that PPG-
DTW(3,386) may still include some discretization errors.

On the other hand in our proposal of MLC-DTW, the range
of BDs is independent of the dimension, where (3) is used as
BC and the number of samples, N , is practically infinite, which
is 1.4 millions with the TIMIT corpus. Independence of the
dimension is a desirable property in developing applications.
In this paper, by regarding PPG-DTW as baseline, the authors
tried to accelerate it by using MLC-DTW. It is certain that PPG-
DTW gives us valid results if a high enough dimension is used,
but taking its unstable and dimension-dependent behaviors into
account, the authors should reconsider that MLC-DTW is prac-
tically a more valid method to compare two posteriorgrams. In
the bottom subfigure of (b) in Figure 2, BDs of MLC(500) are
smaller than those of MLC(3,386) in some speech segments.
It is very natural that some differences between the two input
PPGs should be ignored with a lower dimension, and for this,
lower dimensions are adopted for specific speech applications.

Further, it should be noted again that MLC-DTW does not
require any on-the-fly calculation of frame-to-frame distances
during DTW processing. Practically, this is extremely power-
ful. When we ran DTW between any two of 30-second test
samples, the required time for the first step of DTW was 30
times shorter in MLC-DTW (about 1.4s) than that in PPG-DTW
(about 43.6s).

If one wants to predict PPG-DTW scores from the results of
MLC-DTW, as discussed in Section 3.1, another function than
negative logrithm can reduce the errors found in Figure 2. From
(1), BC−1=eBD . Like negative logarithm, a simple function of
BC−1−1 can transform BC [0, 1] to BD [+∞, 0]. Based on
this fact, by denoting PPG-based BD as dP and MLC-based
BD as dM, a general transform of α (βdM − 1) was tentatively
optimized to predict dP by using open data with 500ms moving
average. Figure 3 shows the result of prediction with α=1.5
and β=1.3, which corresponds to the top subfigure of (b) in
Figure 2. Prediction of PPG from MLC is very easy and precise.

5. Conclusions and future work
In this paper, to reduce the computational cost in posteriorgram-
based DTW with f -divergence-based metric, a novel method
was proposed to distill the class-to-class distances from any
classifier that is actually used to calculate posteriorgrams. Dur-
ing the experiments, the authors found that the baseline method
of PPG-DTW showed unstable behaviors and that the proposed
method of MLC-DTW showed a very stable and fast perfor-
mance. As shown experimentally, with the proposed method,
the classifier-dependent class-to-class distances can be success-
fully extracted. In the future, we apply our proposal to different
automatic phonetic transcription programs [25, 26, 27] which
may provide some different transcripts for a single speech sam-
ple. Despite the transcription differences, our proposed method
is expected to make DTW comparisons very close to each other
among the programs used to calculate posteriors.
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