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Abstract
Source localization with sensor arrays is an active research topic
in many areas, such as speaker localization and communication.
The existing estimators usually assume the use of arrays with
omnidirectional sensors, thus they would fail on arrays with di-
rectional sensors. In this work, a new method is proposed for
locating the near-field sources based on sparse Bayesian learn-
ing (SBL), which is capable of integrating the near-field signal
model to jointly estimate direction-of-arrival (DOA) and dis-
tance. By further considering the directionality of sensors in the
signal model which takes full advantage of the magnitude infor-
mation, the proposed method can handle arrays with both omni-
directional and directional sensors. Simulation results show that
the proposed method yields a sharp spatial spectrum, and per-
forms more accurately than traditional near-field Multiple Sig-
nal Classification (MUSIC) and Steered-Response Power Phase
Transform (SRP-PHAT) for arrays covering heterogeneous di-
rectional sensors.
Index Terms: Source localization, sparse Bayesian learning,
directional sensor, DOA estimation, distance estimation

1. Introduction
Localization of sources using sensor arrays is an important re-
search topic in many areas such as speech, radar, and com-
munication. As the most common position information, the
direction-of-arrival (DOA) estimators of far-field sources have
been proposed in many works such as the time delay based al-
gorithms [1, 2, 3], the subspace based algorithms [4, 5, 6, 7],
and the compressed sensing based algorithms [8, 9, 10, 11].

As another important position information, the distance
between the array and the sources is usually considered in
the near-field signal model, in which both the magnitude and
the phase of the multichannel observations should be modeled
properly. This introduces more challenges to some existing
methods dedicated to far-field sources on the one hand. On
the other hand, such near-field signal model makes the joint
estimation of the DOA and the distance possible. In [12], the
authors proposed a two-dimensional (2D) version of the mul-
tiple signal classification (MUSIC) algorithm and a maximum
likelihood (ML) algorithm to locate the near-field sources. The
authors in [13, 14, 15] further extended the subspace-based ap-
proaches with high-order cumulants, which can enlarge the ar-
ray aperture. Jiang et al. proposed a low-cost geometry-based
approach with a 3-sensors array by estimating the time delays of
each pair of sensors [16]. According to the idea of compressed
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sensing, the authors in [17] proposed an off-grid approach using
the modified convex clustering method with a monopole-only
dictionary. Moreover, Liu et al. modeled the array observation
as a mixture of Gaussian processes and designed an off-grid es-
timator for the frequency diverse array multiple-input multiple-
output radar based on sparse Bayesian learning (SBL) [18].
However, the related work mainly focused on one task in source
localization like either the DOA estimation (majority), the dis-
tance estimation, with a single source, or only with omnidirec-
tional sensors (but suffer when applied to directional sensors
which own different magnitude responses over the position of
sources).

In this paper, we aim to propose a general framework for
source localization to jointly estimate the DOA and the distance
of multiple sources using an array flexible with either omnidi-
rectional or directional sensors (see [19]). In fact, directional
sensors are widely utilized in practical applications such as
meeting devices. Recently some comparative studies have been
conducted showing that the use of directional sensors brings no-
ticeable improvement in the key performance metrics [20, 21].
Motivated by compressed sensing [22], the SBL framework is
exploited in the proposed method, which can make full use of
the sparsity of sources in both DOA and distance region. The
magnitude response of directional sensors, as well as the attenu-
ation and the phase shift during propagation, are seamlessly in-
tegrated into the SBL derivation. More specifically, the noise is
modeled as the Gaussian process, the original sources are mod-
eled as unknown latent variables, and the power of the sources
and noise are seen as unknown parameters. To solve the la-
tent variables and the parameters so as to accurately obtain the
DOA and the distance information, the Expectation Maximiza-
tion (EM) algorithm [23] can be employed and we improve the
convergence of M-step via a recursive smoothing strategy in-
spired by the solution of over-complete problems [24]. Fur-
ther, we will show that the directionality of sensors in the signal
model can be straightforwardly introduced into derivation un-
der the proposed SBL framework, achieving the generalization
to cover heterogeneous directional sensors.

In the remainder of this paper, we firstly introduce the
model description of the near-field signals and the arrays with
directional sensors in Section 2. Secondly in Section 3, the
joint estimator of DOA and distance for arrays with directional
sensors under the SBL framework as well as the correspond-
ing derivation is described in detail. Simulation results are then
presented in Section 4 to show the superiority of the proposed
method compared to two classic algorithms, and Section 5 con-
cludes the paper.
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2. Signal Model
We consider I narrowband sources placed at positions (near-
field here) (θi, ri) , i ∈ [1, I], where θ and r denote DOA and
distance between the source i and the reference sensor, respec-
tively. These sources impinge a uniform linear array (ULA)
with 2M + 1 either omnidirectional or directional sensors sep-
arated by a distance d in a noisy environment. The geometry of
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Figure 1: Geometry of the uniform linear array with 2M + 1
amount of sensors and the ith target source.

the array sensors and the ith source is plotted in Figure 1. Then,
the N -snapshots array observation can be represented as

xm (n) =
∑

i

hm,isi (n) + wm (n) ,

i ∈ [1, I] ,m ∈ [−M,M ] , n ∈ [1, N ] ,

(1)

where h includes the magnitude response of directional sensors
as well as the attenuation and the phase shift during propaga-
tion, s denotes the source, and w represents the additive noise.
Note that the reverberation effect is not yet considered. Herein,
hm,i can be decomposed into two portions as

hm,i = gm,iam,i, (2)

where gm,i denotes the magnitude response of the directional
sensor (named directional portion), and am,i denotes the at-
tenuation and the phase shift during signal propagation (named
propagating portion).

According to [25], the directional portion can be expressed
in a first-order form as

gm,i = α+ (1− α) cosφm,i, (3)

where α is the shape parameter with α = 1 denoting omni-
directional sensors, while 0 < α < 1 for directional sensors,
and

φm,i = arctan

(
tan θi − md

ri cos θi

)
, (4)

represents the angle between the ith source direction and the
mth sensor as illustrated in Figure 1.

Next, according to [12], the propagating portion am,i in (2)
can be expressed as

am,i ∝ 1

Rm,i
exp

(
−j2πf

Rm,i

c

)
, (5)

where

Rm,i =
ri cos θi
cosφm,i

(6)

is the distance between the ith source and the mth sensor ac-
cording to the spherical wave model [26].

After discretizing the near-field range [15, 27] into K po-
tential source locations as

[(
θ̄1, r̄1

)
,
(
θ̄2, r̄2

)
, · · · ,

(
θ̄K , r̄K

)]
,

the extended array manifold and signal matrix can be expressed
respectively as

H =




h−M,1 h−M,2 · · · h−M,K

h−M+1,1 h−M+1,2 · · · h−M+1,K

...
...

. . .
...

hM,1 hM,2 · · · hM,K


 (7)

and

S̄ =




s̄1(1) s̄1(2) · · · s̄1(N)
s̄2(1) s̄2(2) · · · s̄2(N)

...
...

. . .
...

s̄K(1) s̄K(2) · · · s̄K(N)


 , (8)

where S̄ is a row I sparse matrix whose non-zero rows are s̄k =
[si (1) , si (2) , · · · , si (N)] for each

(
θ̄k, r̄k

)
= (θi, ri) , ∀k ∈

[1,K] , i ∈ [1, I]. Then the multi-snapshot array observation
can be expressed as

X = HS̄+W, (9)

where

X =




x−M (1) x−M (2) · · · x−M (N)
x−M+1 (1) x−M+1 (2) · · · x−M+1 (N)

...
...

. . .
...

xM (1) xM (2) · · · xM (N)




(10)
and

W =




w−M (1) w−M (2) · · · w−M (N)
w−M+1 (1) w−M+1 (2) · · · w−M+1 (N)

...
...

. . .
...

wM (1) wM (2) · · · wM (N)


 .

(11)

3. The Proposed Method
3.1. Bayesian Probabilistic Model

In this work, a SBL based method is proposed to locate the
sources. The probabilistic graphical model is illustrated in Fig-
ure 2.

Observation

Latent variable

Parameter

S γ

X

d

Figure 2: Probabilistic graphical model of the SBL framework.

Based on Figure 2, the candidate sources are seen as latent
variables, whose prior follows a zero-mean complex Gaussian
distribution with location-dependent precision parameters γ =
[γ1, γ2, · · · , γK ], written as

p
(
S̄;γ

)
=

∏

k,n

CN
(
s̄k (n) ; 0, γ

−1
k

)
, (12)

Similarly, the prior of the noise follows a zero-mean complex
Gaussian distribution with precision parameter δ as

p (W; δ) =
∏

m,n

CN
(
wm (n) ; 0, δ−1). (13)
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Then the marginalized probability density function (PDF) can
be expressed as

p
(
X|S̄; δ

)
=

∏

n

CN
(
Hs̄ (n) ;0, δ−1I2M+1

)
, (14)

where s̄ (n) = [s̄1 (n) , s̄2 (n) , · · · , s̄K (n)]T (see equa-
tion (8)). The EM algorithm is utilized to estimate the parame-
ters γ and δ iteratively as follows.

3.2. E-step

In E-step, the expectation of the log likelihood of the complete
data is required to determine. Because both (12) and (14) are
Gaussian, based on the Bayes rule, the posterior PDF of the
candidate sources can be written as

p
(
S̄|X;γ, δ

)
=

p
(
X|S̄; δ

)
p
(
S̄;γ

)
∫
p
(
X|S̄; δ

)
p
(
S̄;γ

)
dS̄

= CN (µ,Σ) , (15)

where µ = δΣHHX, Σ =
(
δHHH+ Γ

)−1
and Γ =

diag (γ). Then the desired expectation can be calculated as

Ep(S̄|X;γ,δ)
[
ln p

(
X, S̄;γ, δ

)]

= Ep(S̄|X;γ,δ)
[
ln p

(
X|S̄; δ

)
+ ln p

(
S̄;γ

)]
.

(16)

3.3. M-step

In M-step, the parameters γ and δ are estimated by maximizing
the above equation (16) respectively as

γ̂k = argmax
γk

E
[
ln p

(
X, S̄;γ, δ

)]

= argmax
γk

E
[
ln p

(
S̄;γ

)]

=
N

∥µk∥22 +NΣkk

(17)

and
δ̂ = argmax

δ
E
[
ln p

(
X, S̄;γ, δ

)]

= argmax
δ

E
[
ln p

(
X|S̄; δ

)]

=
(2M + 1)N

∥X−Hµ∥22 +N tr (HHHΣ)
,

(18)

where µk and Σkk denote the elements of µ and Σ, respec-
tively. Note that we alternatively calculate (17) using

γ̂k =
N (1− γkΣkk)

∥µk∥22
, (19)

which leads to a faster convergence in large-scale and highly
overcomplete problems as referred in [24, 28], and is also
proved to be more efficient in our preliminary experiments.

3.4. Spatial Spectrum

Considering that γk is the precision of the candidate source at
position

(
θ̄k, r̄k

)
, the 2D spatial spectrum is defined as

P = {pk}Kk=1 (20)

with
pk =

1

γk
, (21)

and {·}K represents a set with K elements. The estimated
DOAs and distances are determined by the largest I peaks (cor-
responding to multiple sources) in the spatial spectrum P. For
clarity, the proposed method is summarized in Algorithm 1.

Algorithm 1: The proposed method.
Input: The multi-snapshot observation X;
The hyperparameters T and ϵ.

1 Initialize γ and δ; Set the iteration counter t = 0;

2 while t < T and
∣∣∣δ̂ − δ̂old

∣∣∣ /δ̂old > ε do
3 t = t+ 1, δ̂old = δ;
4 Calculate the expectation of the log likelihood of

the candidate sources according to (16);
5 Estimate the precision parameter of the candidate

sources according to (19);
6 Estimate the precision parameter of the additional

noise according to (18);
7 end
8 Calculate the 2D spatial spectrum according to (20).
9 Find the peaks.

Output: The DOA and distance estimates.

4. Simulation Results
4.1. Experimental Setup

Numerical simulations under different conditions are presented
to evaluate the performance of the proposed method. Nar-
rowband Gaussian sources are simulated with the center fre-
quency f = 2000 Hz and the wave velocity c = 343 m/s.
Three uniform linear arrays (ULAs) with nine sensors, half-
wavelength spacing and α ∈ {0.5, 0.75, 1} in equation (3)
(representing three types of sensor directionalities) are consid-
ered. For comparison, classic near-field MUSIC [12] and SRP-
PHAT [29] are employed. The searching grids for DOA and
distance are uniformly distributed in the area of [−80◦, 80◦]
and [0.85m, 5.49m] with spacing of 5◦ and 0.23m, respectively.
The signal-to-noise ratio (SNR) according to (1) is defined as

SNR = 10log10




∑
m

E
[
|xm (n)− wm (n)|2

]

∑
m

E
[
|wm (n)|2

]


 .

The root mean square error (RMSE) is selected as the evaluation
metric, calculated as

RMSEz =

√
1

MtI

∑

mt,i

|ẑmt
i − zmt

i |2

where Mt = 200 is the number of Monte-Carlo runs, ẑmt
i and

zmt
i represent the ith estimated value and ground truth such as
θi and ri for the mtth Monte-Carlo trial.

4.2. Performance with Single Source

Firstly, a single Gaussian narrowband source is considered and
placed at position (0◦, 2m), with SNR = 15 dB and N =
10. The corresponding 2D spatial spectra w.r.t. the proposed
method and the two competitive algorithms in a single Monte
Carlo run are shown in Figure 3.

It can be found that the peak in the spatial spectrum of the
proposed method is more accurate and sharper than that of the
other methods in both omnidirectional (α = 1) and different
directional (α = 0.5, 0.75) cases, while both MUSIC and SRP-
PHAT show pseudo large values in their spatial spectra. For
instance, for MUSIC, these pseudo values appear at the same
DOA but at different distances from the real source location.
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(a) MUSIC
(α = 0.5)

(b) SRP-PHAT
(α = 0.5)

(c) Proposed method
(α = 0.5)

(d) MUSIC
(α = 0.75)

(e) SRP-PHAT
(α = 0.75)

(f) Proposed method
(α = 0.75)

(g) MUSIC
(α = 1)

(h) SRP-PHAT
(α = 1)

(i) Proposed method
(α = 1)

Figure 3: The normalized spatial spectra with a single source
at position (0◦, 2m) w.r.t. three different algorithms and three
types of sensor directionalities.

This can be explained by the fact that due to the magnitude in-
formation considered in the array manifold, the orthogonality
between the noise subspace and the real steering vector in MU-
SIC is actually not strictly satisfied anymore. Therefore, the
spatial spectrum value increases monotonically as the distance
increases in the far field, and this phenomenon becomes more
apparent to arrays with directional sensors. As for SRP-PHAT
which is employed straightforwardly here since PHAT function
only retains the phase information of the observation, the spa-
tial spectra of SRP-PHAT are not sharp enough, instead, with
many pseudo large values nearby, resulting in the peak-finding
tending to be incorrect (even with a high SNR).

4.3. Performance with Two Sources

Without loss of generality, two Gaussian sources are placed at
(θ1, r1) and (θ2, r2), where θ1, θ2, r1 and r2 are uniformly dis-
tributed in [−5◦,−4◦], [5◦, 6◦], [1m, 1.1m] and [1.5m, 1.6m],
respectively. The RMSEs of DOA and distance estimation
w.r.t. different SNRs and numbers of snapshots are shown in
Figure 4 and Figure 5, respectively.

As clearly shown in Figure 4, the proposed method per-
forms the best among the three algorithms. SRP-PHAT
barely distinguishes the two closely spaced sources, proba-
bly due to the blunt spectrum peaks as also illustrated in Fig-
ure 3 (b) (e) (h). It seems that MUSIC behaves better for
estimating DOA rather than distance. The proposed method
gives consistent performance for arrays with both omnidirec-
tional and directional sensors, indicating the good applicability
of the proposed method to various sensor directionalities. While
MUSIC performs struggling for arrays with directional sensors
compared to omnidirectional case, particularly at low SNRs.
As well, it can be observed that when SNR reaches 8 dB, an
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Figure 4: RMSEs of DOA and distance estimation with N =
50 w.r.t. different SNRs for the three algorithms with three types
of sensor directionalities.

accurate DOA and distance estimation for two sources can be
achieved by the proposed method with RMSEs of less than 1
degree and less than 0.1 m, respectively.
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Figure 5: RMSEs of DOA and distance estimation at SNR =
3 dB w.r.t. different numbers of snapshots N for the three algo-
rithms with three types of sensor directionalities.

For real-time application, the number of snapshots N of the
received signal required for an accurate estimation is also an im-
portant metric. Figure 5 illustrates that performance of all these
three algorithms can be further improved with more snapshots,
except that SRP-PHAT seems to perform saturated already for
the DOA estimation with a low SNR. It is also observed that
MUSIC seems to be more applicable to omnidirectional sen-
sors, and SRP-PHAT can not distinguish the two closely spaced
sources. Still, the proposed method gives the best performance,
and it also shows that the distance estimation requires more
snapshots than the DOA estimation, indicating that the distance
estimation is more challenging to accomplish.

5. Conclusions
This paper proposed a novel DOA and distance joint estimation
method based on sparse Bayesian learning for multiple source
localization. The magnitude information (magnitude response
and attention of directional sensors) and the phase informa-
tion (phase shift during propagation) have been seamlessly inte-
grated into the SBL derivation to allow the proposed approach
to be applicable to arrays with various directional sensors. Sim-
ulation results showed that the proposed method yields sharp
peaks in the spatial spectrum, leading to superior performance
in comparison to the existing methods such as near-field MU-
SIC and SRP-PHAT. Accurate estimation results even with low
SNRs and few snapshots further showed the potential of the pro-
posed method for practical applications. As part of future work,
the reverberation effect and non-Gaussian distributed sources
will be integrated into the proposed framework.
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