
Diffusion Generative Vocoder for Fullband Speech Synthesis
Based on Weak Third-order SDE Solver

Hideyuki Tachibana12, Muneyoshi Inahara1, Mocho Go1, Yotaro Katayama1, Yotaro Watanabe1

1PKSHA Technology Inc., Hongo, Bunkyo City, Tokyo, Japan
2Asia University, Sakai, Musashino City, Tokyo, Japan

h_tachibana@pkshatech.com

Abstract
Diffusion generative models, which generate data by the time-
reverse dynamics of diffusion processes, have attracted much
attention recently, and have already been applied in the speech
domain such as speech waveform synthesis. Diffusion genera-
tive models initially had the disadvantage of slow synthesis, but
many fast samplers have been proposed and this disadvantage
is being overcome. The authors have also proposed an efficient
sampler based on a second-order approximation derived from
the Itô-Taylor series, and have achieved some success. This
study further examines the possibility of incorporating third-
order terms and experimentally verifies that a vocoder using this
method can synthesize high-fidelity fullband (48 kHz) speech
signals faster than in real time. It is also shown that the method
is applicable to the extension of speech bandwidth from wide-
band (16 kHz) to fullband (48 kHz).
Index Terms: neural vocoder, speech superresolution, score-
based model, bandwidth extension, Langevin dynamics.

1. Introduction
Many speech applications, including text-to-speech, speech de-
noising, voice conversion, etc., require a module which is called
a vocoder to synthesize a waveform from acoustic features.
In recent years, a number of methods for waveform synthesis
based on deep generative models have been proposed includ-
ing autoregressive models (e.g. WaveNet [1], WaveRNN [2]),
generative adversarial networks (e.g. MelGAN [3], Parallel-
WaveGAN [4]), normalizing flows (e.g. WaveGlow [5]), hy-
brid architectures with traditional signal processing (e.g. LPC-
Net [6], DDSP [7], PeriodNet [8]), and diffusion models (e.g.
DiffWave [9], VoiceGrad [10], WaveGrad [11]).

Among these deep generation frameworks, the diffusion
models (Fig. 1) have attracted much attention recently, and
have achieved significant results in many areas, especially in
the image domain [12–14]. Diffusion models can be interpreted
as tremendously deep neural networks based on iterative ap-
plication of the same module (an update step of a discretized
SDE/ODE). It has been reported that the methods have advan-
tages over GANs which have been dominant in this field for
years. They also have the advantage of elegant formulations
backed by the theory of nonequilibrium thermodynamics and
stochastic process [15, 16].

Diffusion generative models were initially said to have a fa-
tal flaw in that they require a huge amount of computation for
synthesis; typically, a deep neural network (DNN) needed to
be evaluated hundreds of times to synthesize a single piece of
data. However, with the rapid progress of the studies, many
methods have been proposed to reduce the number of DNN
evaluations and enable fast synthesis [17–23], and this draw-
back is being overcome. As one method in this series of trends,
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Figure 1: Concept of Diffusion Vocoder.

the authors proposed a method based on the Itô-Taylor expan-
sion [23], and developed a neural vocoder WaveGRIT (Wave-
Grad + Itô-Taylor). The WaveGRIT has the advantage that, pro-
vided that some fundamental conditions are satisfied, it can syn-
thesize a data faster and more accurately than a naïve sampler,
using an existing pretrained checkpoint, without any additional
fine-tuning nor distillation.

The purpose of this paper is to explore the further possi-
bilities of the Itô-Taylor sampler. In particular, the following
points will be examined and validated: (1) While we consid-
ered a second-order approximation in our previous paper [23],
we derive a third-order approximation in this paper. Ideally, it is
expected to be more accurate. We will confirm experimentally
that this is actually the case in one aspect. (2) While most of
existing neural vocoders have mainly dealt with the synthesis in
medium sampling rates e.g. 22.05 kHz, this study experimen-
tally verifies that the diffusion generative model is capable of
synthesizing fullband signals with a sampling rate 𝑓𝑠 of 48 kHz,
and the training and synthesis are sufficiently efficient. (3) We
also experimentally show that our method can upconvert speech
signals from 16 kHz to 48 kHz. Such bandwidth extension tech-
niques have been studied for many years [24–32], but little at-
tempt has been made until recently [30, 32] to restore fullband
speech signals containing the entire audible range.

2. Diffusion Generative Model
In this section, we consider a 1+1-dim case (1-dim 𝑥 and 1-dim
𝑡) for simplicity. However, if the driving noise is diagonal, we
may similarly consider the 𝑙+1-dim case (𝑙-dim 𝑥 and 1-dim 𝑡)
where 𝑙 being the length of the signal to be synthesized.

2.1. Forward Noising Process

Let us first consider the following stochastic differential equa-
tion (SDE),

𝑑𝑥𝑡 = −𝛽𝑡

2
𝑥𝑡𝑑𝑡+

√︀
𝛽𝑡𝑑𝐵𝑡, (1)

where 𝐵𝑡 is the Brownian motion. This class of SDEs are well
studied and understood, and the solution of the above SDE is
written as follows,

𝑥𝑡 =
√
1− 𝜈𝑡𝑥0 +

√
𝜈𝑡𝜀𝑡, where 𝜈𝑡 = 1− 𝑒−

∫︀ 𝑡
0 𝛽𝑠𝑑𝑠. (2)

The noise 𝜀𝑡 is Gaussian that satisfies E[𝜀𝑡] = 0,E[𝜀2𝑡 ] = 1.
This is obtained by considering the Fokker-Planck equation
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Figure 2: 𝜌(𝑡, ℎ), 𝜇(𝑡, ℎ) and 𝑛(𝑡, ℎ) in Eq (9)

(Kolmogorov’s forward equation) which describes the time evo-
lution of the density function 𝑝(𝑥𝑡, 𝑡),

𝜕

𝜕𝑡
𝑝(𝑥𝑡, 𝑡) = − 𝜕

𝜕𝑥𝑡

𝛽𝑡

2
𝑝(𝑥𝑡, 𝑡) +

𝜕2

𝜕𝑥2
𝑡

𝛽𝑡

2
𝑝(𝑥𝑡, 𝑡). (3)

Assuming that the initial density is Dirac’s delta 𝑝(𝑥, 0) =
𝛿(𝑥 − 𝑥0), the solution of this partial differential equation is
written as 𝑝(𝑥𝑡, 𝑡 | 𝑥0, 0) = 𝒩 (𝑥𝑡 |

√
1− 𝜈𝑡𝑥0, 𝜈𝑡), which is

called the fundamental solution or the heat kernel. The uncondi-
tional density 𝑝(𝑥𝑡, 𝑡) is obtained by convolving the heat kernel
with the initial distribution 𝑝(𝑥0, 0). If 𝛽𝑡 is designed so that
𝜈𝑡 → 1 at a large 𝑡, the density 𝑝(𝑥𝑡, 𝑡) goes to𝒩 (𝑥𝑡 | 0, 1).

2.2. Backward Denoising Process

In diffusion generative models, we are more interested in the
following reverse-time SDE,

𝑑𝑥𝑡 =

(︂
−𝛽𝑡

2
𝑥𝑡 − 𝛽𝑡∇ log 𝑝(𝑥𝑡, 𝑡)

)︂
𝑑𝑡+

√︀
𝛽𝑡𝑑𝐵𝑡. (4)

The backward process is derived by considering Kolmogorov’s
backward equation (KBE) and the Bayes theorem [33]. This
backward SDE does not necessarily give the path-wise time-
reversal of the forward SDE Eq (1). Instead, the dynamics of
population, i.e. 𝑝(𝑥𝑡, 𝑡 | 𝑥𝑇 , 𝑇 ), (𝑡 < 𝑇 ) gives the inverse dy-
namics of the density evolution Eq (3). In other words, the back-
ward SDE generates a data 𝑥̂0 that follows 𝑝(𝑥0, 0 | 𝑥𝑇 , 𝑇 )
from an initial Gaussian noise 𝑥𝑇 ∼ 𝑝(𝑥𝑇 , 𝑇 ) = 𝒩 (𝑥𝑇 | 0, 1).

To solve the backward process above, we need the gradi-
ent of the log-probability term (score function). In the diffu-
sion generative models, one designs it by a deep neural network
𝑆𝜃(𝑥𝑡, 𝑡, 𝑐), and the network is trained so that the following
approximate equality holds,

𝑆𝜃(𝑥𝑡, 𝑡, 𝑐) ≈ −
√
𝜈𝑡∇ log 𝑝(𝑥𝑡, 𝑡) ≈ −

√
𝜈𝑡∇ log 𝑝(𝑥𝑡, 𝑡 | 𝑥0, 0)

=
1√
𝜈𝑡

(𝑥𝑡 −
√
1− 𝜈𝑡𝑥0) = 𝜀𝑡 (5)

where 𝑐 is the conditioning information such as the mel-
spectrogram. The reason multiplying the factor −√𝜈𝑡 is to in-
crease the trainability of the neural network by normalizing the
variance of the training target (i.e. 𝜀𝑡) to be 1.

Here we want to achieve the approximate relation Eq (5)
in each dimension. One of the simplest way for training such
a network is to minimize the following 𝐿1 score matching
loss [11, 34], which can be considered to be a surrogate func-
tion for the negative ELBO [12],

Loss = E
[︀
‖𝑆𝜃(
√
1− 𝜈𝑡𝑥0 +

√
𝜈𝑡𝜀, 𝑡, 𝑐)− 𝜀‖1

]︀
(6)

where the expectation is taken w.r.t. and the training dataset
𝒟 = {(𝑥(𝑖)

0 ∈ R𝑙 : waveform, 𝑐(𝑖) : mel-spec)}𝑖, the virtual
time parameter 𝑡 ∼ 𝒰([0, 𝑇 ]), and the Gaussian 𝜀 ∼ 𝒩 (0𝑙, I𝑙).

3. Proposed Method
3.1. Background of Itô-Taylor Sampler + Ideal Derivatives

To numerically solve the backward equation to generate a new
sample, we need a discretized version of Eq (4). One of the
simplest is the Euler-Maruyama (EM) approximation, obtained
by replacing 𝑑𝑡 → ℎ, 𝑑𝐵̄𝑡 →

√
ℎ𝑤, where ℎ > 0 is the step

size and 𝑤 ∼ 𝒩 (0, 1). The EM method is understood to be
a first-order approximation based on the “Taylor expansion” of
the stochastic system, but unlike the usual Taylor series for de-
terministic systems, the stochastic Taylor series must take into
account the effect that the stochastic term is of the order of the
square root “𝑑𝐵𝑡 ∼

√
𝑑𝑡.” This is solved by the famous Itô’s

formula, and the modified Taylor series is called the Itô-Taylor
series [35].

Since the EM method is essentially a first-order approxi-
mation, the step size ℎ must be sufficiently small to accurately
simulate the original SDE Eq (4); i.e., a large number of iter-
ations are required. One idea to maintain the approximation
accuracy even for a larger ℎ is to incorporate higher order terms
of the Itô-Taylor series. Such terms require the derivatives of
network 𝑆𝜃(·, ·, ·). As a way to approximate these derivatives,
the authors have proposed the ideal derivative model [23], in
which the derivatives are written as follows,

𝜕

𝜕𝑥
𝑆𝜃(𝑥, 𝑡, 𝑐) =

1√
𝜈𝑡

, (7)

𝜕

𝜕𝑡
𝑆𝜃(𝑥, 𝑡, 𝑐) =

𝛽𝑡

2
√
𝜈𝑡

(︂
𝑥− 𝑆𝜃(𝑥, 𝑡, 𝑐)√

𝜈𝑡

)︂
. (8)

The authors have also argued that any higher order numerical
schemes based on the model is always written in a following
form [23],

𝑥𝑡−ℎ ← 𝜌(𝑡, ℎ)𝑥𝑡 + 𝜇(𝑡, ℎ)𝑆𝜃(𝑥𝑡, 𝑡, 𝑐) + 𝑛(𝑡, ℎ). (9)

The scalar functions 𝜌(𝑡, ℎ), 𝜇(𝑡, ℎ) and the driving noise
𝑛(𝑡, ℎ) may be instantiated by the ones shown in Fig. 2. If
we only use the first order terms , the sampling method is the
conventional EM method mentioned. If we take into account
the second order terms , we obtain a numerical scheme which
is supposed to have the weak1 convergence rate of 2.

3.2. Weak Third-order Itô-Taylor Sampler

Once we have confirmed that the second order approximation
of Taylor series is largely successful [23], it is a natural next
step to try to incorporate third order terms . In this paper, we
adopted our idea of using the ideal derivatives to a weak third-
order SDE solver based on the Itô-Taylor expansion, derived by
Platen [35, § 14.3].

As the higher order terms of Itô-Taylor series are very com-
plicated compared to the deterministic ones, we computed the

1Roughly speaking, weak convergence is concerned with the accu-
racy of the moments of the ensemble, while strong convergence is con-
cerned with the accuracy of individual paths.

1642



output (48 kHz)

c : mel-spec
100 fps (cycle = 10 [ms])

noisy waveform xt (48 kHz)

noise level
√
1− νt

Pre DB (÷5)

Post UB

Pre UB

DBlock (÷4)
dil: 1 → 2 → 4

DBlock (÷4)
dil: 1 → 2 → 4

DBlock (÷3)
dil: 1 → 2 → 4

DBlock (÷2)
dil: 1 → 2 → 4

FiLM UBlock (×5)
dil: 1 → 2 → 1 → 2

FiLM UBlock (×4)
dil: 1 → 2 → 1 → 2

FiLM UBlock (×4)
dil: 1 → 2 → 1 → 2

FiLM UBlock (×3)
dil: 1 → 2 → 4 → 8

FiLM UBlock (×2)
dil: 1 → 2 → 4 → 8

Figure 3: Diagram of the WaveGrad vocoder; up/down-
sampling factors and dilation factors are modified. The number
of parameters was 15.8M. For the details of the internal struc-
ture of the building blocks, see the original paper [11].

symbolic expressions of them using a computational algebra
system SymPy [36]. Fig. 2 is the result of this symbolic cal-
culation.

3.3. Driving Noise Options

The driving noise 𝑤,𝑧 that appear in 𝑛(𝑡, ℎ) should satisfy
the conditions E[𝑤] = E[𝑧] = 0𝑙,E[𝑤𝑤T] = I𝑙,E[𝑧𝑧T] =
1
3
I𝑙,E[𝑤𝑧T] = 1

2
I𝑙. These conditions can be satisfied by let-

ting 𝑤,𝑧 as 𝑤 = 𝑢1,𝑧 = 1
2
𝑢1 + 1

2
√

3
𝑢2, where 𝑢1,𝑢2 ∼

𝒩 (0𝑙, I𝑙). In the weak schemes of numerical SDEs, however,
the random noise 𝑢1,𝑢2 do not necessarily have to be white
Gaussian noise if the conditions on means and covariances are
satisfied. Indeed, as suggested in [35], we may also use the
following Binary noise and Ternary noise,

Binary : 𝑝(±1) = 1

2
, 𝑝(otherwise) = 0 (10)

Ternary : 𝑝(±
√
3) =

1

6
, 𝑝(0) =

2

3
, 𝑝(otherwise) = 0 (11)

as the conditions above are also satisfied when 𝑢1,𝑢2 ∼
Binary(𝑙), or 𝑢1,𝑢2 ∼ Ternary(𝑙).

Another option would be the Purple noise, which is ob-
tained by differentiating and normalizing the Gaussian noise,

Purple : 𝑣𝑖 :=
𝑣𝑖 − 𝑣𝑖−1√

2
, 𝑣 ∼ 𝒩 (0𝑙+1, I𝑙+1). (12)

This noise does not satisfy the above conditions strictly but ap-
proximately. This noise is often used in the dithering process of
digital audio production (i.e., adding noise on purpose to make
quantization errors less noticeable), since it is said that the noise
has less audible discomfort than quantization errors. We will
also test this noise as a candidate of the driving noise.

3.4. Network Architecture

We used the same network structure as WaveGrad [11] ex-
cept that the upscaling (×𝑛), downscaling (÷𝑛) and dila-
tion factors (dil) were modified which were essentially criti-
cal (Fig. 3). While the original WaveGrad upscaled the 80 fps
mel-spectrogram by a factor of 300 to produce 24 kHz audio,
our modified version upscales the 100 fps mel-spectrogram by
a factor of 480 to produce 48 kHz audio.

4. Experiment
4.1. Configuration

■ Dataset: The dataset used for training was VCTK (48 kHz,
16 bit) [37]. Speech data from 98 of the 108 speakers were used

as the training set, and speech data from the other 10 speakers
were used for evaluation.
■ Specification of Input Mel-spectrogram: We used the mel-
spectrogram module provided in TorchAudio [38]. The win-
dow size and the FFT size when computing the base STFT
were 42.6 [ms] (2048 points). The frame hop was 10 [ms] (480
points), meaning 100 frames per second. Each spectral frame
was converted to mel-scale within the range of 80 Hz to 8 kHz.
The number of mel-spectral bins was 80.
■ Noise Schedule: The noising schedule function 𝛽𝑡 and 𝜈𝑡
were the same as the ones we derived previously in [23],

𝛽𝑡 = 𝜆̇𝑡 tanh
𝜆𝑡

2
, 𝜈𝑡 = tanh2 𝜆𝑡

2
, 𝜆𝑡 = log(1+𝐴𝑒𝑘𝑡). (13)

The parameters 𝐴, 𝑘 were determined so that the initial and ter-
minal noise levels 𝜈0, 𝜈𝑇 equal to the given ones. In the train-
ing, the values were 𝜈0 = 10−6, 𝜈𝑇 = 0.999, and 𝑇 = 1.
■ Training: The speech signal was randomly cut with a length
of 0.3 [s] (14,400 points) during training, and the resulting short
segments were stacked to create a single mini-batch consisting
of 96 segments. We trained the neural network model for 300k
steps, using the Adam optimizer with default parameters except
that the learning rate decayed exponentially by a factor of 0.9
per epoch. It took about 5 days on 4 GPUs (Tesla V100).
■ Synthesis: Starting from a Gaussian noise, 𝑥𝑇 ∼ 𝒩 (0𝑙, I𝑙),
a speech signal 𝑥0 is synthesized by iteratively updating the
waveform for 𝑇/ℎ times using Eq (9). The initial and terminal
noise levels were set 𝜈0 = 2×10−7, 𝜈𝑇 = 0.999. The total du-
ration was 𝑇 = 1 and the step size was ℎ = 0.02, meaning that
the number of refinement steps is 𝑇/ℎ = 50. Under this con-
dition, the real time factor (RTF) was about 0.7 for any cases.
During synthesis, the sampling scheme was heuristically mod-
ified as follows. (1) The driving random noise was set to zero
in the last 7 steps, i.e., 𝑛(𝑡, ℎ) = 0𝑙. (2) After each refinement
step, values outside the range [−1, 1] were clipped.
■ Comparative Method: The baseline for comparison was
WaveGlow [5] (94.4M params), which was a little modified to
have the same input/output format as our method. Since the
model size is 6 times larger than WaveGrad, the batch size was
set to one-sixth, i.e. 16, due to memory limitations. The number
of training steps was 130k. It also took about 5 days.

4.2. Waveform Synthesis from True Mel-spectrograms

Fig. 4 compares the spectrograms of the signals obtained by
each sampling method from the mel-spectrograms excerpted
from the aforementioned VCTK test set. It is visually con-
firmed that the third-order sampler has higher fidelity than the
other samplers, especially in the high frequencies of conso-
nants. Some audio samples are available at the author’s web-
site2. This was also verified quantitatively by comparing the
restoration error of log spectrograms for each band. Fig. 5(a)
compares the band-wise mean log-spectral errors (𝐿2 distance),
showing that the third-order scheme has a little higher fidelity
than other methods, especially at high frequencies3. The worst
log-spectral distance (𝐿𝑝 distance where 𝑝 → ∞) also showed
a similar trend.

However, on the other hand, in our small-scale subjective
evaluation (the crowdsourced MOS evaluation by participants
with rewards), the difference was not clear (Table 1(a)). Since

2https://tachi-hi.github.io/research/is2022
3When evaluating the distance of the log-spectrograms, we clipped

below −30 dB in order to prevent almost silent elements from affecting
the results.
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Figure 4: Examples of spectrograms of speech waveforms obtained by the WaveGlow, and the 1st, 2nd and 3rd order samplers.
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Table 1: Mean Opinion Scores.
(a) Waveform Synthesis

Method MOS (↑)
Ground Truth 4.28 ± 0.80
WaveGlow 1.18 ± 0.38
1st (EM) 3.78 ± 0.76
2nd 3.66 ± 0.93
3rd (Gaussian) 3.58 ± 0.85
3rd (Purple) 3.24 ± 0.76

(b) Bandwidth Extension

Method MOS (↑)
Original (16k) 3.74 ± 0.87
Restored (48k) 2.94 ± 0.97
Hybrid 3.56 ± 0.94

high-frequency fidelity is not the only factor affecting the over-
all sound quality impression, the overall MOS was either not
significantly different or slightly inferior for the higher-order
schemes. In particular, since more driving noise is injected in
higher-order schemes, it is possible that the residual noise low-
ered the MOS. Improvement of this point will be the subject of
future study.

We also compared the effects of the driving noise differ-
ences. Qualitatively, contrary to our expectations, the purple
noise did not reduce auditory discomfort due to its overempha-
sis on high frequency consonants, e.g. /s/, /S/, /t/, etc., and
was inferior to others in all bands (Fig. 5(b)). On the other
hand, other driving noises yielded almost the same results, from
which we may conclude that the simplest one, viz. the binary
noise, seems to be sufficient practically.

4.3. Wideband (16 kHz) - Fullband (48 kHz) Upconversion

As we have already seen, our method uses only below 8 kHz as
input data, yet it can synthesize speech signals throughout all
the bands up to 24 kHz. Therefore, this method can restore a
fullband speech signal from a medium-quality speech data that
contains only up to 8 kHz (𝑓𝑠 ≥ 16 kHz)4. Such a technique
would be useful for converting old recordings to high resolution.

4Wideband audio does not always contain information up to 8 kHz,
and cutoff frequencies as low as 7 kHz are sometimes used. We ex-
clude such data in this paper, because the input format cannot meet our
requirement that it contain information up to nearly 8 kHz.
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Figure 6: An example of speech bandwidth extension.

The specific procedure is as follows. First, a mel-
spectrogram in a format compatible with our method is obtained
from the 16 kHz input signal. Next, a waveform is synthe-
sized from the mel-spectrogram using WaveGrad and our sam-
pler. Additionally, since this method inevitably degrades the
information in the original signal by converting it to the mel-
spectrogram, it may be better to use the 16 kHz audio as it is,
especially for low frequencies. Therefore, a method that uses
the original audio below 8 kHz and the WaveGrad output above
8 kHz could be effective. We will call this a hybrid method.

Experiments were conducted to upconvert clips extracted
from the LibriSpeech corpus [39] (16 kHz, 16 bit) using the
above procedure. Fig. 6 shows a result of high-band restora-
tion. Since the format of the input mel-spectrogram is the same
and the domain of the task is similar to the previous section’s
one, the performance of high-band restoration is expected to
be similar to Fig 5. Table 1(b) compares the MOS. Although
the proposed method does not necessarily improve the listening
impression due to the factors mentioned previously, the hybrid
method does not seem to significantly degrade the MOS value.

5. Conclusion
In this paper, we proceeded from previous studies to further ex-
plore the possibilities regarding the application of diffusion gen-
erative models to vocoders. Specifically, we examined whether
the performance can be improved by incorporating up to the
third-order terms in the Itô-Taylor series, and the experimen-
tal results seemed positive. We also confirmed that the driving
noise need not be Gaussian, but its covariance should be care-
fully considered. In addition, since the input mel-spectrogram
is only required up to 8 kHz, our method can also be used for a
bandwidth extention to upconvert 16 kHz audio to 48 kHz.

Research in this area has just begun and there are still many
fundamental issues to consider, including the derivation of de-
terministic samplers [16, 17] and the consideration of classifier
guidance [13]. Advancing the frontiers by accumulating knowl-
edge on these fundamental issues and developing practical ap-
plications are the subjects of future study.
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M. Rocklin, A. Kumar, S. Ivanov, J. K. Moore, S. Singh, T. Rath-
nayake, S. Vig, B. E. Granger, R. P. Muller, F. Bonazzi, H. Gupta,
S. Vats, F. Johansson, F. Pedregosa, M. J. Curry, A. R. Ter-
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