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Abstract
In diffuse noise fields, a superdirective beamformer maximizes
the directivity factor at the expense of amplifying spatially
white noise in low-frequency bands. It is extremely impor-
tant to balance directivity factor and white noise gain automat-
ically for practical applications, especially when using large-
scale microphone arrays. Considering both environmental noise
and spatially white noise, this paper proposes two robust adap-
tive superdirective beamformers that aim to automatically max-
imize the amount of noise reduction without introducing a cons-
traint on the white noise gain manually. Specifically, one is an
adaptive combination of the delay-and-sum and superdirective
beamformers, and the other can be regarded as an adaptively
regularized superdirective beamformer. We derive that both the
optimal combination parameter and the optimal regularization
parameter in each time-frequency bin are related to the power
spectral density of the spatially white noise and that of the dif-
fuse noise. Simulations and experimental results show that the
proposed two robust beamformers are superior to many state-
of-the-art beamformers in different environmental noise and s-
patially white noise levels.
Index Terms: larger-scale microphone array, speech extraction,
superdirective beamformer, robustness.

1. Introduction
The quality of the desired speech captured by a microphone ar-
ray often degrades because of environmental noise and room
reverberation. To mitigate their negative impacts, array beam-
forming has been widely used to extract the desired speech
from its noisy and reverberant mixtures. Typically, there are
two types of beamformers, one of which is data-independent
fixed beamformers and the other is data-dependent adaptive
beamformers. Generally, adaptive beamformers can provide
better performance in most cases for their more powerful and
adjustable capability in suppressing directional noise sources,
such as minimum variance distortionless response beamformer
and its variations [1, 2]. Fixed beamformers are sometimes pre-
ferred because of their easier implementation and much low-
er computational complexity, especially for resource-limit plat-
forms with plenty of microphones. Among fixed beamformers,
a superdirective beamformer can achieve the maximum direc-
tivity factor (DF) in diffuse noise fields, which has already been
extensively studied for narrowband and wideband applications
[3–10], but two obstacles necessarily restrict its wide use in
practice. One is that the superdirective beamformer suffers the
spatially white noise amplification problem in low-frequency
bands1, especially when the number of microphones is relative-

*Chengshi Zheng is the corresponding author.
1The superdirective beamformer is sensitive to microphone charac-

teristic errors. These errors are almost uncorrelated for any pair of mi-

ly large [3]. The other is that the superdirective beamformer
is optimal in diffuse noise fields, and cannot achieve the best
performance when spatially diffuse noise is not dominant. The
above two drawbacks can be effectively handled by making a
balance between the DF and white noise gain (WNG).

To balance the WNG and the DF of the superdirective
beamformer, many methods have been proposed, mostly by
adding a scaled identity matrix to the diffuse noise correlation
matrix or putting a constraint on the WNG [7, 12–14]. Later
studies exploited the probability density function of the micro-
phone characteristic errors to improve the robustness [4, 5, 15,
16]. In more recent years, some improved robust superdirec-
tive beamformers have been developed [6, 8–10]. For example,
a computationally efficient superdirective beamformer was pro-
posed in [6] by combining a regularized version of the superdi-
rective beamformer and the delay-and-sum (DS) beamformer,
which is beneficial for large-scale microphone arrays for its low
computational complexity. It is to be emphasized that all of
these above-mentioned methods require to preset some param-
eters manually, and thus the best performance cannot be guar-
anteed in most cases for two main reasons. First, different types
of microphones often have different self-noise levels as well as
other spatially white noises such as wind noise, and the environ-
mental noise level also has a large dynamic range. Second, these
offline optimized beamformers cannot increase the DF and de-
crease the WNG automatically when the environmental noise
level increases, and vice versa.

For beamforming in diffuse noise fields, it is highly ex-
pected that the DF and WNG can be automatically balanced
according to the array geometry, the environmental noise lev-
el, and the spatially white noise level instead of constraining
the WNG manually, and thus the total output noise level can
be minimized. For this goal, two adaptive robust superdirec-
tive beamformers are proposed in this paper, whose optimal pa-
rameters can be obtained in each time-frequency bin automati-
cally. One is to adaptively combine the DS and superdirective
beamformers, and the other is to adaptively load a diagonal level
on the diffuse noise correlation matrix. Simulation and experi-
mental results show that the proposed robust beamformers can
well balance between the DF and the WNG, thus getting better
speech quality than many state-of-the-art (SOTA) baselines in
terms of PESQ [17], ESTOI [18], and SDR [19] scores.

2. Signal Model and Related Work
It is assumed that a desired speech source and different types of
noise impinge on a rectangular microphone array consisting of
M omnidirectional microphones. In this case, the observation

crophones, also resulting in the spatial white noise amplification prob-
lem, which is to be handled in this paper like [11].
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signal vector in the time-frequency domain can be expressed as
y(k, l) = h(k)S(k, l) + v(k, l)

= x(k, l) + v(k, l),
(1)

where k and l denote the frequency index and the frame in-
dex, respectively, S(k, l) denotes the complex spectrum of the
desired speech, h(k) denotes the frequency-domain acoustic
transfer function vector between the desired speech and the mi-
crophone array, and v(k, l) denotes the noise vector including
the environmental noise and the spatially white noise. In this
paper, the environmental noise is assumed to be homogeneous
and isotropic. This assumption is reasonable when the distance
between the noise source and the array is much larger than the
reverberation radius of an enclosure or there are a lot of inde-
pendent noise sources around the array [20,21]. In this case, the
ideal power spectral density (PSD) matrix can be expressed as

Ryy (k, l) = E
{

y(k, l)yH(k, l)
}

=σ2
s(k, l)h(k)hH(k)+σ2

i (k, l)ΓSD(k)+σ
2
n(k, l)I

= Rss (k, l) + Rvv (k, l) ,
(2)

where σ2
s(k, l), σ2

i (k, l), and σ2
n(k, l) denote PSDs of the de-

sired speech, diffuse noise, and spatially white noise, repective-
ly. Rss (k, l) and Rvv (k, l) denote the PSD matrix of the de-
sired speech and that of noise. ΓSD(k) is the diffuse noise cor-
relation matrix, and its element in the ith row and jth column is

[ΓSD (k)]i,j ==
sin (2πfkτij)

2πfkτij
, (3)

where fk denotes the frequency in the kth frequency bin and
τij = dij/c, with c the sound speed and dij the distance be-
tween the ith and the jth microphones. For fixed beamformers,
a fixed weight vector is designed in each frequency bin to ex-
tract the desired speech and remove the noise simultaneously,
which can be expressed as

Ŝ(k, l) = wH(k)y(k, l)

= wH(k)h(k)S(k, l) + wH(k)v(k, l),
(4)

where Ŝ(k, l) denotes the estimated desired speech, and w(k)
denotes the weight vector of the beamformer.

For beamforming, the WNG and DF are two key metrics to
evaluate fixed beamformers [3], which are

W [w(k)] =

∣∣wH (k)h (k)
∣∣2

hH (k)h (k)
, (5)

and

D [w(k)] =

∣∣wH (k)h (k)
∣∣2

hH (k)ΓSD(k)h (k)
. (6)

The weight vector of the DS beamformer is

wDS(k) =
h(k)

M
, (7)

where the DS beamformer has the highest WNG, but it cannot
achieve the highest DF at the same time.

The superdirective beamformer is derived by maximizing
the DF with the distortionless constraint on the direction of ar-
rival (DOA) of the desired speech. The weight vector of the
superdirective beamformer is

wSD(k) =
Γ−1

SD (k)h(k)

hH(k)Γ−1
SD (k)h(k)

. (8)

Conventional superdirective beamformer suffers spatially white
noise amplication problem in low-frequency bands. To improve
the robustness, a scaled identity matrix is often injected into the
diffuse noise correlation matrix [12], which can be expressed as

wSD,ε(k) =
(ΓSD(k) + ε(k)I)−1h(k)

hH(k)(ΓSD(k) + ε(k)I)−1h(k)
, (9)

where ε(k) denotes the regularization factor. It is difficult to de-
rive a closed-form expression for ε(k) given a predefined WNG.
To control the WNG in a low-complexity way, a robust superdi-
rective beamformer was proposed in [6], whose weight vector
is given by

wSD,(ε,κ)(k) =
(Γ−1

SD,ε(k) + κ(k)I)h(k)

hH(k)(Γ−1
SD,ε(k) + κ(k)I)h(k)

, (10)

where ΓSD,ε(k) = (ΓSD(k) + ε(k)I). In [6], by manually set-
ting the WNG, a closed-form solution of κ(k) could be derived.
Nevertheless, the predefined WNG cannot guarantee the best
performance in different real-world noise environments. For
example, when the diffuse noise level is much higher than the
spatially white noise level, the WNG is not a key metric. It
would be better if the WNG and the DF can be automatically
balanced in different noise environments.

3. Proposed Beamformers
3.1. Adaptive Combination of the Delay-and-Sum and
Super-Directive Beamformers
Because the DS beamformer can maximize the WNG and the
superdirective beamformer can maximize the DF, it is intuitive
to combine the two beamformers into one, aiming to balance
between the DF and the WNG, given by

wACR(k, l) = α(k, l)wSD(k) + (1− α(k, l))wDS(k) (11)

where α(k, l) ∈ [0, 1] denotes the adaptive combination co-
efficient. Our goal is to automatically balance the WNG and
the DF according the environmental noise level and the spatial-
ly white noise level, and thus the total output noise level can
be minimized. The proposed beamformer in (11) is referred to
as adaptive combination robust superdirective (ACR-SD) beam-
former in the following, and the optimal choice of α(k, l) can
be obtained by minimizing the total output noise level of the
proposed beamformer, given by

min
α(k,l)

wH
ACR(k, l)Rvv(k, l)wACR(k, l)

s.t.wH
ACR(k, l)h (k) = 1.

(12)

For simplicity, we omit k and l if no confusion arises. It is
interesting to see that the constraint in (12) is always satisfied
because both the DS beamformer and the superdirective beam-
former are distortionless on the DOA of the desired speech. In
this case, the optimization problem reduces to
min
α

[
α2PSD+(1− α)2 PDS+2α (1− α)<{PCRO}

]
, (13)

where PSD = wH
SDRvvwSD, PDS = wH

DSRvvwDS, PCRO =
wH

DSRvvwSD, and <{�} extracts the real part of the a complex
variable. It is easy to prove that PSD and PDS are real. In this
case, the optimal αopt can be easily derived by setting differen-
tial with respect to α, which is

αopt =
PDS −<{PCRO}

PSD + PDS − 2<{PCRO}
. (14)

It is worth noting that (14) does not rely on any assumption or
modeling of the noise, while the weight vector in (11) has al-
ready determined the behavior of the beamformer. Substituting
(2), (7), and (8) into (14), one can get
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αopt =
σ2
i eD

σ2
i eD + σ2

neW
, (15)

where
eD =

(
1

D [wDS]
− 1

D [wSD]

)
, (16)

eW =

(
1

W [wSD]
− 1

W [wDS]

)
. (17)

Correspondingly, the WNG and DF of the ACR-SD beam-
former are, respectively, expressed as

W [wACR]=
W [wSD]

α2
opt+
(
1−α2

opt

)W[wSD]
W[wDS]

≥W [wSD] , (18)

and
D [wACR]=

D [wDS]

µ2
opt+
(
1−µ2

opt

)D[wDS]
D[wSD]

≥D [wDS] , (19)

where µopt=1−αopt. One can see that the WNG of the proposed
ACR-SD beamformer is not smaller than that of the superdi-
rective beamformer, and the DF of the ACR-SD beamformer is
also not smaller than that of the DS beamformer. It is impor-
tant to note that the optimal αopt only depends on the PSDs of
the diffuse noise and spatially white noise rather than the whole
noise PSD matrix. In the last part of this section, we will dis-
cuss how to estimate the PSDs of the two components from the
observation signals.

3.2. Adaptive diagonal-loading robust superdirective
beamformer
This part discusses how to automatically balance the WNG and
the DF by choosing an optimal regularization factor, which is
referred to as the ADL-SD beamformer. The optimal regular-
ization factor can be derived by minimizing total output noise
level, which can be written as

min
β(k,l)

wH
ADL(k, l)Rvv(k, l)wADL(k, l)

s.t.wH
ADL(k, l)h(k) = 1,

(20)

where

wADL(k, l)=
(β(k, l)ΓSD(k)+((1−β(k, l))I)−1h(k)

hH(k)(β(k, l)ΓSD(k)+((1−β(k, l))I)−1h(k)
,

(21)
and β(k, l) ∈ (0, 1) denotes the combination coefficient. By
subsitituting (2) into (20), we have

min
β

(
σ2
i + σ2

n

)
wH

ADL(ηΓSD+(1−η) I)wADL, (22)

where η = σ2
i /σ

2
i + σ2

n . Because ΓSD is a diagonaliz-
able matrix, it can be decomposed as ΓSD = UΛUH , where
Λ = diag(λ1, ..., λM ) denotes the eigenvalue diagonal matrix
and U = [u1, ...,uM ] denotes its corresponding eigenvector
matrix. In this case, the optimization problem becomes

min
β

(
σ2
i + σ2

n

)
M∑
i=1

M(ηλi+(1−η))
(βλi+(1−β))2

(
M∑
i=1

M
βλi+(1−β)

)2 . (23)

For convenience of expression, we define two vectors, which

are z1 =

[√
M(ηλ1+(1−η))
(βλ1+(1−β)) , ...,

√
M(ηλM+(1−η))
(βλM+(1−β))

]T
and z2 =

[√
M

(ηλ1+(1−η)) , ...,
√

M
(ηλM+(1−η))

]T
. Then the optimization

problem in (23) becomes

min
β

(
σ2
i + σ2

n

) ‖z1‖2

‖zT1 z2‖2
. (24)

According to the Cauchy-Schwarz inequality, the optimal value
of β is

βopt =
σ2
i

σ2
i + σ2

n

. (25)

It is interesting to see that βopt also depends on the PSD of the
diffuse noise and that of the spatially white noise.
3.3. PSD Estimation with Frobenius-norm
Many methods have been proposed to estimate that of the dif-
fuse noise and the PSD of the spatially white noise from obser-
vation signals [22–26], which is not the point of this paper. The
Frobenius-form based method is used to estimate the two PSDs
in an efficient way. When considering the online update of the
PSD matrix, the optimization problem can be written as

min
Ω̂k,l

∥∥∥R̂yy(k, l)−σ̂2
s(k, l)h(k)h

H(k)−σ̂2
i(k, l)Γ(k)−σ̂2

n(k, l)I
∥∥∥ ,

(26)
where
R̂yy(k, l) = γR̂yy(k, l− 1)+ (1− γ)y(k, l)yH(k, l), (27)

with smooth factor γ and Ω̂k,l = [σ̂s(k, l), σ̂i(k, l), σ̂n(k, l)]
T .

The closed-form solution of (26) is

Ω̂k,l = A−1
k b̂k,l, (28)

where Ak is a symmetric matrix,which is

Ak≡




M2 hH (k)ΓSD (k)h (k) M
hH (k)ΓSD (k)h (k) Tr

(
ΓHSD (k)ΓSD (k)

)
M

M M M


 ,

(29)
and

b̂k,l =




<
{

hH (k) R̂yy (k, l)h (k)
}

<
{

Tr
(
R̂yy (k, l)ΓSD (k)

)}

<
{

Tr
(
R̂yy (k, l)

)}


 . (30)

Correspondingly, the estimated α̂opt(k, l) and β̂opt(k, l) in each
time-frequency bin are, respectively, given by

α̂opt (k, l) =
σ̂2
i (k, l)eD(k)

σ̂2
i (k, l)eD(k) + σ̂2

n(k, l)eW (k)
, (31)

and

β̂opt(k, l) =
σ̂2
i (k, l)

σ̂2
i (k, l) + σ̂2

n(k, l)
. (32)

Because A−1
k can be computed beforehand, only b̂k,l needs

to be computed in each time-frequency bin, ensuring that the
updating of α̂opt (k, l) and β̂opt(k, l) is computationally efficient,
which is very suitable for large-scale mircophone arrays.

4. Simulations and Experiments
4.1. Simulation Results
The TIMIT dataset [27] is chosen as the clean speech to gener-
ate the microphone signals. When we evaluate the performance
of the proposed two adaptive robust superdirecive beamformers,
robust superdirective beamformer proposed in [6], DS beam-
former, and conventional superdirective beamformer are select-
ed as baselines. 100 gender-balanced utterances are selected
from the TIMIT database for the test. The room impulse re-
sponses are generated by the image method [28] with a room
size 10 m×10 m× 4 m. The reverberation time (RT60) condi-
tions in the room are set to be 0.2 s. A rectangular microphone
array is considered for both simulation and experiment, which
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Table 1: Objective result comparisons among differen-
t beamformers versus SNR in terms of PESQ, ESTOI, SDR.
BOLD font indicates the best score in each case.

Metrics Methods SNR [dB]
-10 -5 0 5 Ave.

PESQ

Noisy 1.17 1.42 1.73 2.07 1.59
DS 1.54 1.80 2.11 2.45 1.98
Superdirective 1.80 2.01 2.15 2.23 2.05
Proposed in [6] 1.61 1.93 2.29 2.59 2.10
ACR-SD 1.86 2.11 2.33 2.52 2.21
ADL-SD 1.88 2.17 2.44 2.66 2.29

ESTOI

Noisy 0.14 0.21 0.31 0.41 0.27
DS 0.26 0.33 0.40 0.48 0.37
Superdirective 0.34 0.40 0.46 0.52 0.44
Proposed in [6] 0.30 0.36 0.43 0.51 0.40
ACR-SD 0.35 0.42 0.50 0.58 0.47
ADL-SD 0.35 0.43 0.51 0.60 0.48

SDR [dB]

Noisy -9.91 -5.00 -0.07 4.79 -2.54
DS -8.01 -3.04 1.90 6.73 -0.60
Superdirective -0.97 2.91 5.54 6.88 3.59
Proposed in [6] -6.81 -1.85 3.08 7.89 0.57
ACR-SD -0.44 3.58 6.92 9.66 4.93
ADL-SD -0.64 3.74 7.80 11.29 5.55

Table 2: DNSMOS scores among different beamformers in out-
door scene. BOLD font indicates the best score in each case.

Methods Metrics
MOSSIG MOSBAK MOSOVL

DS 3.33 1.72 2.39
Superdirective 2.28 3.35 2.09
Proposed in [6] 3.09 2.31 2.52

ACR-SD 2.85 2.93 2.67
ADL-SD 3.02 2.97 2.69

consists of 6 × 12 = 72 microphones, with an inter-element
spacing of 5 cm along with the x axis and an inter-element s-
pacing of 2.8 cm along with the y axis, as illustrated in Fig.
1(a). The microphone array is placed at the center of the room.
The desired speech is 3 m away from the array center propagat-
ing from the azimuth angle φ0 = 90◦ and the elevation angle
θ0 = 0◦. The steering vector of the desired speech is assumed
to be h(k) = [1, 1, ...., 1]T . κ(k) and ε(k) are set to 1 and
10−5, respectively, according to [6].

We randomly choose utterances spoken by different speak-
ers from the TIMIT dataset. Each selected utterance is used as
one directional interference that impinges on the array from a
specific direction, where the angle difference between two ad-
jacent interferences is 10◦, and we sum all these interferences
of each microphone together to simulate the diffuse (babble)
noise. In all simulations, the sound pressure level (SPL) of the
desired speech is set to 60 dB, and that of the microphone self-
noise is set to 30dB. Note that the microphone self-noise is a
typically spatially white noise. The SPL of the spatially diffuse
noise varies according to the input signal-to-noise ratio (SNR).
Table 1 summarizes the objective result comparisons among d-
ifferent beamformers versus SNR in terms of PESQ, ESTOI,
and SDR. As for the DS and the superdirective beamformers,
the latter performs better than the former when the SNR is low,
while it performs worse when the SNR is high. This is because
the SPL of the spatially diffuse noise decreases as the input SNR
increases and it becomes more important to avoid the spatially
white noise amplification problem than to suppress the spatially
diffuse noise. The ADL-SD and ACR-SD beamformers perfor-
m better than the DS beamformer and the superdirective beam-
former in all SNR values, and the ADL-SD beamformer has the
highest scores in terms of PESQ, ESTOI, and SDR. In addition,
the superdirective beamformer proposed in [6] performs worse
when the SNR is low, and performs well when the SNR is high
due to using the fixed parameters. This result validates that two
proposed beamformers have both advantages of the DS beam-
former and the superdirective beamformer and they can auto-
matically balance the spatially diffuse noise suppression and the
spatially white noise amplification.

Fig. 2 shows the WNG and DF of five beamformers versus
frequency with SNR = 0 dB. One can see that the superdirective
beamformer has extremely low WNG in low-frequency bands

Microphone 
Array

Loudspeaker

(a) (b)Figure 1: Planar microphone array used for experiments and
real experimental scenarios.
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Figure 2: Examples of the WNG and DF of five beamformers
versus frequency with SNR = 0 dB. (a) WNG, (b)DF.
while the WNG of the DS beamformer is the highest and in-
variant across all frequencies. In addition, by comparing Fig.
2(a) and (b), one can see that the WNG and DF of the improved
superdirective beamformer proposed in [6] are almost the same
as those of the DS beamformer, while there are some differences
in low-frequency bands. The ACR-SD beamformer mainly ex-
hibits the properties of the DS beamformer in low-frequency
bands and performs a combination of the DS beamformer and
the superdirective beamformer in middle-frequency band, i.e,
2-3 kHz. In addition, the ADL-SD beamformer has the second
maximum DF without suffering spatially white noise amplifica-
tion problem in low-frequency bands.
4.2. Experimental Results
We further test the performance of the proposed beamformers
in real outdoor scenarios. The signal is recorded by a 2D planar
microphone array which has 72 digital omni-directional MEMS
microphones, see Fig. 1(a) for details. The microphone array is
placed in the middle of a plaza and the environment noise level
is around 52 dBA by A-weighting. One desired speech played
by a loudspeaker is 20 m away from the array center propa-
gating from {φ0 = 90◦, θ0 = 0◦} obtained by measurement
and the SPL of the desired speech produced by the loudspeak-
er is about 65 dBA by A-weighting. Table 2 shows the DNS-
MOS scores [29] of each enhanced speech by five competing
beamformers. One can see that two proposed adaptive superdi-
rective beamformers have much higher MOSOVL scores than
the DS beamformer and the superdirective beamformer, indicat-
ing that the proposed beamformers can better remove the noise
while avoiding the target speech cancellation.

5. Conclusions
In this paper, two adaptive robust superdirective beamformers
are proposed to automatically balance the WNG and the DF
according to the spatially diffuse noise and the spatially white
noise levels. The ACR-SD beamformer adaptively combines
the superdirective beamformer and the DS beamformer, while
the ADL-SD beamformer choose the optimal regularization fac-
tor to minimize the output noise power. Simulation and experi-
mental results show that the two proposed robust beamformers
perform well in most cases. In this work, we only consider dif-
fuse noise fields. Future work can concentrate on automatically
balancing the WNG and DF of other beamformers in arbitrary
noise environments.
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