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Abstract

Model compensation approach has been successfully applied to
various noise robust speech recognition tasks. In this paper,
based on Continuous Time (CT) approximation, the dynamic
mismatch function is derived without further approximation.
With such mismatch function, a novel approach to deriving the
formula for calculating the dynamic statistics is presented. Be-
sides, we also provide an insight on the processing of the pseudo
inverse of non-square discrete cosine transform (DCT) matrix
during model compensation. Experiments on Aurora 4 showed
that the proposed approach obtained 23.2% relative WER re-
duction over traditional first-order Vector Taylor Series (VTS)
approach.
Index Terms: robust speech recognition, model based compen-
sation, Continuous Time approximation, Vector Taylor Series

1. Introduction
It is well known that the performance of automatic speech
recognition (ASR) system degrades greatly when additive noise
exists and the system is trained only with clean speech. An ef-
fective way to address this problem is to adopt the model com-
pensation approach, which adapts the clean model to the noise.
And as observed in several previous papers [1, 2], accurate dy-
namic parameters are the key for a good performance.

Generally speaking, there are two ways to calculate the dy-
namic parameters. One is to use the linear transform of the
static parameters as the dynamic ones [3, 4]. The underlying
justification is that the dynamic features are usually computed
by a linear regression of the static ones. However this way is
often computationally expensive. Thus the most common way
is to use the Continuous Time (CT) approximation [5], which
assumes that the dynamic features are the time derivatives of
the statics. Empirically, this assumption works well.

Previously, under CT assumption, we take the derivative of
the approximation of noisy speech to derive the dynamic mis-
match function. Obviously, this approximation will result in
some inaccuracy. Secondly, since non-square DCT matrix has
no real inverse, its pseudo inverse is used during model com-
pensation. Besides, first-order, not higher order, VTS is often
used to expand static mismatch function. All of these could
introduce errors during model compensation process, and con-
sequently decrease the performance.

This work was performed while the first author was an intern at
SJTU. It was supported by the Program for Professor of Special Ap-
pointment (Eastern Scholar) at Shanghai Institutions of Higher Learn-
ing, the China NSFC project No. 61222208 and JiangSu NSF project
No. 201302060012 .

To deal with these above problems, in this paper, we first
use second-order VTS instead of first-order to calculate static
parameters to reduce residual errors. Then the dynamic mis-
match function is directly derived from noisy speech without
further approximation. Finally we make some modification re-
lated to the pseudo inverse of DCT matrix. As will be shown in
experiment, these processes actually improve the performance.

This paper is organized as follows. In section 2, the for-
mulation to calculate static and dynamic statistics is described.
The modification related to the pseudo inverse of DCT matrix
is shown in section 3. And experiment results on aurora 4 are
analyzed in section 4, finally we conclude in section 5.

2. Model-based Compensation
In this study, only additive noise is considered, and the channel
distortion is ignored. The formulation to calculate static and
dynamic statistics will be described respectively.

2.1. Static Statistics

2.1.1. Formula to Calculate Static Statistics

In the static cepstral domain, the nonlinear effect of additive
noise can be expressed as:

ys = xs + C · ln
(
1 + eC−1(ns−xs)

)
(1)

where ys, xs and ns are static features corresponding to noisy
speech, clean speech and additive noise respectively; C is the
truncated DCT matrix. Since it is not square, there is no real
inverse for it. Therefore, its pseudo inverse matrix C−1 is usu-
ally used instead. The subscript “s” indicates static parameters.
Here both xs and ns are assumed to have independent Gaussian
distributions with mean µxs, µns and covariance Σxs, Σns,
respectively.

Next, we use zs to denote C−1(ns − xs). Since 1) each
component of xs and ns is Gaussian distributed, 2) all these
vector components are assumed to be mutually independent
and 3) C−1 is a linear transformation, zs is also Gaussian dis-
tributed. Please note that components in zs are not mutually
independent, nor zs and xs are independent.

The mean and covariance for zs are given by

µzs = C−1(µns − µxs) (2)

Σzs = C−1(Σns + Σxs)(C−1)T (3)

Now take expectation of the noisy speech, we would have:

E [ys] = E [xs] + C · E [ln (1 + ezs)] (4)
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The second-order vector Taylor series expansion of ln(1 +
ezs) around µzs can be written as

ln(1 + ezs) ≈ f (0) + f (1) � (zs − µzs)

+
1

2
f (2) � (zs − µzs) � (zs − µzs)

(5)

where

f (0) = ln(1 + eµzs) (6)

f (1) = 1 − (1 + eµzs)−1 (7)

f (2) = (1 + eµzs)−2 � eµzs (8)

f (1) and f (2) correspond to the first and second derivatives of
ln(1 + ezs) at zs = µzs and � denotes element-by-element
multiplication.

Compute the expectation of Eq. (5), we could have

E [ ln (1 + ezs)] ≈ f (0) +
1

2
f (2) � diag−1(Σzs) (9)

where diag−1(·) denotes the operation of extracting the diago-
nal elements of a matrix as a column vector.

Then together with Eq.(4) and (9), the static mean of the
noisy speech is given by

µys ≈ µxs+C·
{

f (0) +
1

2

[
f (2) � diag−1(Σzs)

]}
(10)

As for the static covariance of noisy speech, it could be
calculated by

Σys ≈ E(ys − µys)(ys − µys)
T = Σxs − K1

− K1
T + C · [Σzs � F1] · CT + K2

(11)

where

K1 = Σxs(C−1)T · diag( f (1)) · CT (12)

K2 =
1

2
C · [Σzs � Σzs � F2] · CT (13)

F1 = f (1)
(

f (1)
)T

(14)

F2 = f (2)
(

f (2)
)T

(15)

In Eq. (12), diag(·) denotes the operation of generating diago-
nal matrix from a column vector.

2.2. Dynamic Statistics

2.2.1. Theoretical Analysis

In the following formula, the subscript “∆” is used to denote
delta statistics, and “∆∆” to denote delta delta ones.

To compute dynamic mean and covariance matrix, here CT
approximation [5] was used. Previously, people take the deriva-
tive of the approximation of ys with respect to time to derive
the dynamic mismatch function. For example, [6, 7, 8] uses
VTS approximation. The basic reason might be that such ap-
proximation could simplify subsequent calculation. However,
this inevitably causes some errors. Therefore, here we directly
take derivative of ys with respect to time:

∂ys

∂t
=
∂xs

∂t
+ C ·

(
ezs

1 + ezs
� ∂zs

∂t

)
(16)

For ezs

1+ezs , its i’th element is given by e(zs)i

1+e(zs)i
. Similarly

for some following vector variables. For the sake of conve-
nience, let’s first define some notations:

L1 = E

[
ezs

1 + ezs

]
= E

[
1

1 + e−zs

]
(17)

L2 = E

[
ezs

(1 + ezs)2

]
= E

[
1

ezs + 2 + e−zs

]
(18)

L11 = E

[
ezs

1 + ezs

] [
ezs

1 + ezs

]T
(19)

L22 = E

[
ezs

(1 + ezs)2

] [
ezs

(1 + ezs)2

]T
(20)

L21 = E

[
ezs

(1 + ezs)2

] [
ezs

1 + ezs

]T
(21)

Here we assume ∂ns
∂t

and ns are independent, similarly for
speech. Since C−1 is a linear transformation, it is easy to prove
∂zs
∂t

and zs are independent. Then take expectation of Eq. (16),
we would have:

µy∆ = µx∆ + C ·
(
E

[
ezs

1 + ezs

]
� E

[
∂zs

∂t

])

= µx∆ + C · (L1 � µz∆)

(22)

As for delta covariance, it could be computed by:

Σy∆ = Σx∆ − K3 − K3
T + C · [Σz∆ � L11] · CT

+ C ·
[(

L11 − L1 (L1)T
)
�
(
µz∆(µz∆)T

)]
· CT

(23)

where µz∆, Σz∆ could be computed like Eq. (2), (3), and

K3 = Σx∆(C−1)T · diag (L1) · CT (24)

Similarly, take derivative of ∂ys
∂t

, the delta delta mismatch
function could be computed as:

∂2ys

∂t2
=
∂2xs

∂t2
+ C

[
ezs

(1 + ezs)2
� ∂zs

∂t
� ∂zs

∂t

]

+ C

(
ezs

1 + ezs
� ∂2zs

∂t2

) (25)

As in previous steps, the delta delta statistics can be com-
puted by:

µy∆∆ = µx∆∆ + C · (L1 � µz∆∆ + L2 � K4) (26)

Σy∆∆ =Σx∆∆−K5−K5
T +C

(
K6+K7+K7

T
)
CT

+ C [Σz∆∆ � L11 + K8] CT

(27)

where

K4 = diag−1(Σz∆) + µz∆ � µz∆ (28)

K5 = Σx∆∆

(
C−1)T · diag (L1) · CT (29)

K6 = Σz∆ �
(

2Σz∆ + 4µz∆(µz∆)T
)
� L22

+
[
L22 − L2(L2)T

]
�
[
K4(K4)T

] (30)

K7 =
[
L21 − L2(L1)T

]
�
[
K4(µz∆∆)T

]
(31)

K8 =
[
L11 − L1(L1)T

]
�
[
µz∆∆(µz∆∆)T

]
(32)

2745



2.2.2. Formula to Calculate Dynamic Statistics

To calculate the dynamic statistics, we need to know the value
of L1, L2, L11, L21, L22. However, none of them could be
easily computed. Therefore, making some approximation is
necessary. One way is to use VTS to expand each correspond-
ing term and then calculate the resultant expectations. However
there is a problem with this idea: Even if assume the VTS way
could get more accurate value, it has a big disadvantage, that
is it would result in very complicated formula, especially for
covariance matrices. This not only makes the implementation
complex, but also increases the computational cost. To avoid
these problems, we make the following approximation 1:

L1 ≈ 1

E [1 + e−zs ]
(33)

L2 ≈ 1

E [ezs + 2 + e−zs ]
(34)

L11 ≈ L1 (L1)T (35)

L22 ≈ L2 (L2)T (36)

L21 ≈ L2 (L1)T (37)

For a Gaussian variable x with mean µ and variance Σ, we have:

E [ex] = exp(µ+ Σ/2) (38)

With Eq. (38), it is easy to derive the formula for L1 and L2.
Then with all these above, the formula to calculate the dynamic
statistics are available. Particularly, covariance is simplified:

Σy∆ ≈ Σx∆ − K3 − K3
T + C [Σz∆ � L11] CT (39)

Σy∆∆≈Σx∆∆−K5−K5
T + C [Σz∆∆ � L11] CT

+C
[
Σz∆ �

(
2Σz∆ + 4µz∆(µz∆)T

)
� L22

]
CT

(40)

Considering that the simple approximations of Eq. (35)
- (37) might result in inaccurate dynamic covariance, alterna-
tively we use second-order VTS [2] to derive the formula for
them.

To do model compensation, noise parameters are needed. In
this paper, noise is modeled by a single Gaussian. Usually, the
noise parameters are iteratively estimated using EM-like algo-
rithms. However, when high order VTS is used, it is not easy to
directly derive the formula for re-estimation even for the mean.
For comparison, in this study noise parameters are estimated by
the first and last 20 frames of each test utterance.

In practice, when noise is relatively stationary, µn∆ and
µn∆∆ are set to be zero, and covariance matrices are usually
diagonalized for computational convenience.

3. About the Pseudo Inverse
In this section, we deal with the pseudo inverse of the truncated
DCT matrix. The basic motivation here is to see how the pseudo
inverse influences the mean and covariance, specifically those
µz and Σz, which are directly related to the pseudo inverse
(see Eq. (2) and (3)). After all, if square DCT matrix is really
used, there is no need to care about them.

In experiment, we compared C−1
r (cov)(C−1

r )T with
C−1(covt)(C

−1)T , where C−1
r is the real inverse of square

1For L1 and L2, we actually could calculate their upper bounds or
lower bounds, and use either bound as an approximation of real expec-
tation. However, they are not necessarily more accurate than the simple
approximation as described above.

DCT matrix, cov is a diagonal matrix, used to simulate the co-
variance matrix and C−1 is the pseudo inverse of a truncated
DCT matrix and covt is the corresponding truncated matrix.
The size of the Cr could be less than 10*10 for observation con-
venience. In experiment, we find C−1(covt)(C

−1)T seems
to spread some of its main diagonal value among its two neigh-
bors, that is the first diagonal above the main diagonal, and the
first one below that. This observation inspires us to do the fol-
lowing process about those “z” covariance matrices:

1, Calculate original covariance matrix according to Eq. (3)
2, Calculate the new tridiagonal as following:

new diag(Σzs) = [diag(Σzs, 1) + diag(Σzs,−1)]

∗ α+ diag(Σzs)
(41)

new diag(Σzs, 1) = diag(Σzs, 1) ∗ (1 − α) (42)
new diag(Σzs,−1) = diag(Σzs,−1) ∗ (1 − α) (43)

3, Replace the original tridiagonal with the new one, and
keep the other entries in the covariance matrix unchanged.

In the above three equations, diag(Σzs), diag(Σzs, 1) and
diag(Σzs,−1) denote the main diagonal, the first diagonal
above the main diagonal, and the first one below that, respec-
tively. And α is a value between 0 and 1.

The basic objective of Eq. (41) is to assign some value of
diag(Σzs, 1) and diag(Σzs,−1) to the main diagonal. And
Eq. (41) is actually row-oriented. It operates like this: For
each row, the element in the main diagonal is added by its row
neighbors. As for the first and last main diagonal element, only
its right or left neighbor is considered.

Another interesting finding about C−1
r (cov)(C−1

r )T and
C−1(covt)(C

−1)T is that the sum of each row is the same
within the same matrix, though the sums are different for the
two matrices. In order to be in accordance with this finding, Eq.
(42) and (43) are used to make sure the sum of each row is the
same as before.

A final important thing is to make sure the new main di-
agonal is positive since each element in the main diagonal is
actually variance. Empirically, we find if some reserved value
for α, such as 0.2 is used, the main diagonal is always positive.

Similarly, Σz∆, Σz∆∆ could also be computed. However,
as will be shown below, the joint modification seems does not
improve the performance.

So far, these above are related to the covariance. As for the
mean, we did not observe anything particular.

4. Experiments and Results
4.1. Experiment Setup

In order to test the effect of the proposed approaches, we con-
ducted a series of experiments on Aurora 4, which is based
on the Wall Street Journal 5k database. In this study, speech
models were trained on clean data, which comprises 7138 utter-
ances. And decision tree state clustering was used to get about
3000 tied triphone states.

Since this paper only considers additive noise, the exper-
iments were conducted on the test set B of Aurora 4 corpus,
which was recorded using the same microphone as the training
data did. Therefore, channel distortion could be omitted. Six
different noises at various SNRs were artificially added to turn
original clean data into the noisy database. Each noise condi-
tion has 330 test utterances from 8 speakers. And only 16kHz
testing data were used for evaluation.
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We used 12 Mel Frequency Cepstral Coefficient (MFCC)
and C0 as well as the delta and delta-delta features. HTK [9]
software was used to build the system, in which bigram lan-
guage model was adopted. Each speech state was represented
by 16 Gaussian components while 32 Gaussian components
were used for the silence state model.

4.2. Experiment Results

In the following experiments, we first construct the GMM-
HMM baseline, which results are illustrated in Table 1.

clean car babble rest. street airport train avg
6.8 37.0 55.1 55.0 64.7 48.8 63.9 54.1

Table 1: WER (%) of the baseline system on test B of AURORA
4 using HMMs trained on clean speech.

Then we compare the following four approaches: 1, 2) both
static and dynamic statistics are computed using first-order VTS
[7] or second-order VTS [2], denoted as fVTS and sVTS respec-
tively; 3) the first approach proposed in section 2.2.2, denoted
as “SIMP” because of its simplicity; 4) the alternative one pro-
posed in section 2.2.2, which is based on second-order VTS to
calculate dynamic covariance. It is denoted as “MIX”.

Please note that since it is difficult to re-estimate the noise
parameters for high order VTS as said in previous section, here
we only adopt simple noise estimation by using the first and
last 20 frames. More accurate noise parameters estimation for
second-order VTS will be in our future work.

car babble rest. street airport train avg
fVTS 14.9 21.3 28.3 24.4 22.0 25.6 22.8
sVTS 11.5 18.7 23.7 20.5 18.3 21.6 19.0
MIX 11.0 17.7 22.5 19.4 17.3 20.5 18.1
SIMP 11.5 18.0 22.7 19.9 17.9 20.8 18.5

Table 2: WER (%) of four methods on test B

Compare fVTS with sVTS, we can see higher order VTS in-
deed improves the performance. The probable reason is higher
order VTS could reduce the residual errors. At the same time,
considering the only difference between sVTS and “MIX” is
that the latter uses the simple approximation to calculate the
dynamic means, the relatively large improvement over sVTS
shows the necessity of accurate dynamic mismatch function.
On the other hand, though “SIMP” is simple, it is still better
than pure VTS-based approaches.

Next, we will start to consider the α factor, which has been
explained in section 3. In the following Table 3 and 4, α will be
assigned 0.1 and 0.2 respectively to calculate new Σzs

1.
Compare Table 3, 4 with Table 2, we can see that the intro-

duction of α indeed improves the average performance, but for
some specific conditions, the performance might decrease. On
the other hand, it seems second-order VTS is less subject to the
α factor than first-order. One possible reason is that sVTS is
close to the performance limit of such pure VTS-based model
compensation approaches. This explanation could be tested if
higher-order VTS method is available. In other words, it is the

1When α factor is considered, the fVTS formula will be different
from [7] since we need the formula which explicitly include Σzs. Ac-
tually the new formula based on first-order VTS can be easily inferred
from section 2 and section 3 in [2].

car babble rest. street airport train avg
fVTS 14.4 20.8 26.7 23.4 21.1 24.9 21.9
sVTS 11.3 18.4 23.2 20.3 17.7 22.0 18.8
MIX 11.1 17.2 21.6 19.1 16.5 20.7 17.7
SIMP 11.3 17.7 21.6 19.3 16.5 20.4 17.8

Table 3: WER (%) of four methods on test B: α = 0.1 : Σzs

car babble rest. street airport train avg
fVTS 14.3 20.4 26.3 23.2 21.0 24.4 21.6
sVTS 11.2 18.0 23.4 20.2 17.2 22.1 18.7
MIX 10.8 16.2 22.2 19.3 16.2 21.0 17.6
SIMP 11.0 17.1 21.2 19.4 15.9 20.2 17.5

Table 4: WER (%) of four methods on test B: α = 0.2 : Σzs

VTS that hinders the improvement. In this case, more accurate
values do not necessarily help.

In [10], the WER of their fVTS system on test B is 22.4%,
then after one iteration of noise parameters re-estimation, the
WER reduced to 15.8%. In Table 4, even without noise re-
estimation, “SIMP” has reached 17.5% WER. Compared to
22.8% in Table 1, “SIMP” obtained 23.2% relative WER re-
duction over traditional fVTS approach.

Now it is natural to wonder whether modification to the dy-
namic covariance is also helpful for the performance. In next
experiment, we set α = 0.1 to calculate both Σzs and Σz∆.

car babble rest. street airport train avg
fVTS 14.5 20.7 26.1 23.0 20.9 24.7 21.7
sVTS 11.2 18.4 23.4 20.3 17.9 22.0 18.9
MIX 10.9 17.2 22.2 19.3 16.5 20.9 17.8
SIMP 11.3 17.4 21.6 19.1 16.4 20.3 17.7

Table 5: WER (%) of four methods on B: α = 0.1 : Σzs,Σz∆

Compare Table 3 with Table 5, we find that modification to
both covariance almost does not improve the performance. One
possible explanation is that the CT approximation is not accu-
rate enough so that more accurate parameters do not necessarily
lead to better results. Another possible explanation is that the
same modification to Σz∆ is not accurate or reasonable. Af-
ter all, the value of the delta covariance nearly has an order of
magnitude difference compared to the value of the static one.

5. Conclusion
Based on CT approximation, this paper derives the dynamic
mismatch function without further approximation. We then
present the theoretical analysis on dynamic parameters calcu-
lation. Considering the difficulty to calculate L1, L2, etc., we
make some expedient approximations. With these simplifica-
tions, the resulting formula is very neat. At the same time, it
could be reasonable to expect the performance could improve
even further if we know how to accurately calculate L1, L2,
etc.. This could be one research direction.

This study also provides an insight on how to process the
pseudo inverse of the DCT matrix. Experiment results show
that the proposed ad hoc method could effectively improve the
performance. Compared to traditional fVTS, “SIMP” with α =
0.2 achieved 23.2% relative WER reduction.
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