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Abstract
In this paper, we extend our previous analysis of Gaussian Mix-
ture Model (GMM) subspace compensation techniques using
Gaussian modeling in the supervector space combined with ad-
ditive channel and observation noise. We show that under the
modeling assumptions of a total-variability i-vector system, full
Gaussian supervector scoring can also be performed cheaply in
the total subspace, and that i-vector scoring can be viewed as
an approximation to this. Next, we show that covariance ma-
trix estimation in the i-vector space can be used to generate
PCA estimates of supervector covariance matrices needed for
Joint Factor Analysis (JFA). Finally, we derive a new technique
for reduced-dimension i-vector extraction which we call Su-
pervector LDA (SV-LDA), and demonstrate a 100-dimensional
i-vector language recognition system with equivalent perfor-
mance to a 600-dimensional version at much lower complexity.
Index Terms: language recognition, Gaussian mixture model,
Wiener filter, factor analysis, i-vector, LDA.

1. Introduction
Gaussian Mixture Models (GMMs) have long been successful
for both speaker and language recognition, and recently sub-
space methods have been shown to provide convenient mod-
els for channel compensation and speaker/language modeling,
particularly with the Joint Factor Analysis approach [1]. More
recently, even the subspace parameters themselves, referred to
as i-vectors, have been used for recognition [2]. State-of-the-
art acoustic language recognition has been demonstrated with
SVM and Gaussian classifiers in i-vector space in [3, 4].

We recently presented an alternative perspective on GMM
subspace algorithms based on sufficient statistics and an addi-
tive noise model, and showed that this provides justifications for
both JFA and i-vector algorithms [5]. In this paper, we extend
this analysis to show that under the i-vector subspace assump-
tions, full supervector Gaussian scoring can also be performed
in the subspace dimension. We also show that for long duration
speech cuts, i-vector and supervector Gaussian scoring systems
are identical. Using these relationships, we show that supervec-
tor hyperparameters can be estimated from i-vector covariance
matrices, and explore dimension reduction techniques. We con-
clude by showing that a new technique, supervector LDA (SV-
LDA), allows low-dimension i-vector extraction with equivalent
performance at greatly reduced complexity.

2. Statistical Framework
In this section, we introduce the statistical framework used
throughout the paper, and discuss efficient subspace scoring
techniques based on matrix Wiener filtering.
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2.1. Sufficient Statistics Scoring

Evaluating the likelihood for a set of successive frames un-
der a GMM model is traditionally determined as the product
of frame-specific likelihoods. However, it is well known that
this can equivalently be evaluated by first computing sufficient
statistics for the ensemble of frames, and then using a single
formula for the total likelihood. This sufficient statistic scoring
proves beneficial for computation of GMM likelihoods in the
particular instance when the frame alignment is already given,
for example from a universal background model (UBM). Al-
though the assumption of UBM-alignment results in a small
performance degradation, the use of a single set of sufficient
statistics is critical for computational feasibility of sophisticated
modeling and scoring techniques. Using sufficient statistics re-
duces the evaluation of the GMM likelihood for a set of frames
to the evaluation of a single Gaussian in thesupervectorspace
created by stacking GMM mixture means.

2.2. The Additive Noise Model

This leads to the additive noise model [5]:

x̄ = mi + c+ n, (1)

wherex̄ denotes the test sample mean supervector derived from
sufficient statistics,mi is the supervector mean of languagei,
c is additive channel noise, andn is additive observation noise.
Throughout this paper, we definēx andmi to be normalized
with respect to the UBM model mean. The observation noise is
Gaussian with zero mean and covarianceΣn which shrinks to
zero as the number of observed frames increases. The obser-
vation noise covariance can then be defined in the supervector
space as a block diagonal matrix with each diagonal element
being the corresponding covariance from the UBM covariance
Σ0 divided by the count for this Gaussian. That is,

Σn = N−1Σ0, (2)
whereN is a diagonal matrix comprised of diagonal blocks
NmI, I is the appropriately-sized identity matrix, andNm is
the count for GMM mixturem.

We modelmi andc to each be Gaussian with zero mean
and covariancesΣs andΣc, respectively.Σs is often called the
across-class covariance, and describes the variability of well-
trained language models.Σc, on the other hand, is often refered
to as thewithin-class covariance, and describes the variabil-
ity of language supervectors about corresponding well-trained
models. Using the additive noise model, the likelihood for lan-
guagei can be expressed as

x̄|Si ∼ N (mi,Σn +Σc), (3)

which we refer to asfull Gaussian scoring(in JFA terminology
this is integration over channel factors). Note that the assump-
tions of UBM alignment and mean-only models will be made
throughout the rest of this paper.
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2.3. Subspace Modeling

In [5], we modeled both within-class and across-class covari-
ances with PPCA. In this paper, motivated by the success of
i-vector systems [2], we use the concept of total variability
defined byΣt=Σs + Σc, and make the more restrictive as-
sumption that both channel and language inhabit the same low-
dimensional total variability subspace. This allows all covari-
ances to be expressed using PCA

Σc = UcU
T
c ,Σs = UsU

T
s , andΣt = UtU

T
t . (4)

Using the previous assumptions, we can write

mi = UtU
+
t mi (5)

where the matrix pseudoinverse ofUt is given by

U+
t =

“

UT
t Ut

”−1

UT
t . (6)

Additionally, we will often utilize the matrix inversion lemma,
which can be expressed as [6]

“

D+UAUT
”−1

= D−1 −D−1U (7)

×
“

A−1 +UTD−1U
”−1

UTD−1,

and the following related identity

UT
“

D+UAUT
”−1

= (8)

A−1
“

A−1 +UTD−1U
”−1

UTD−1.

3. Subspace Scoring Methods
In [5], it was shown that under the additive noise model, min-
imum mean square error (MMSE) noise suppression results in
matrix Wiener filtering. Suppressing the channel noise results
in the JFA algorithm, while compensating for observation noise
results in two different subspace scoring algorithms. In this
section we summarize these two i-vector approaches and then
show that under our subspace modeling assumptions full Gaus-
sian scoring can also be evaluated in the subspace. Finally we
show the similarity of these expressions, particularly for long-
duration test cuts.

3.1. Using Wiener Filtering to Derive I-vectors

In this section, we review the use of matrix Wiener filtering to
derive model-dependent (MD) and model-independent (MI) i-
vectors.

3.1.1. Model Dependent I-vectors

Following (1), the MMSE estimate of an observation noise-
compensated supervector can be determined using a model-
dependent Wiener filter:

x̂md
i = Σc(Σc +Σn)

−1(x̄−mi) +mi. (9)

The model likelihood can then be evaluated using only channel
noise:

x̂md
i |Si ∼ N (mi,Σc). (10)

AlthoughΣc is singular, this log-likelihood can be expressed
using the limit

logp (x̄|Si) =
1

2
lim
δ→0

“

ẑmd − µmd
i

”T

(11)

×UT
c

“

δI+UcU
T
c

”−1

Uc

“

ẑmd − µmd
i

”

+ f (x̄)

where themodel-dependent channel i-vectoris given by:

ẑmd =
“

I+UT
c Σ

−1
n Uc

”−1

UT
c Σ

−1
n x̄, (12)

and

µmd
i =

“

I+UT
c Σ

−1
n Uc

”−1

UT
c Σ

−1
n mi. (13)

Also, f (x̄) is a function ofx̄ which is irrelevant during eval-
uation of (11) for closed-set identification; such constant terms
are ignored in the rest of this paper for the sake of notational
brevity. Applying (8) to (11) yields

log p (x̄|Si) =
1

2

“

ẑmd − µmd
i

”T “

ẑmd − µmd
i

”

(14)

Thus, (10) can be evaluated equivalently as

ẑmd|Si ∼ N (µmd
i , I), (15)

which represents a Gaussian in the channel subspace.

3.1.2. Model Independent I-vectors

As an alternative to Sec. 3.1.1, we can replace (9) with a model-
independent observation noise compensation Wiener filter

x̂mi = (Σs +Σc)(Σs +Σc +Σn)
−1x̄. (16)

The model likelihood is then

x̂mi|Si ∼ N (mi,Σc). (17)

Following steps similar to those above, it can be shown that this
is equivalent to

ẑmi|Si ∼ N
“

µmi
i ,Φc

”

, (18)

where thetotal variability i-vectoris given by:

ẑmi =
“

I+UT
t Σ

−1
n Ut

”−1

UT
t Σ

−1
n x̄, (19)

and the mean in the total variability subspace is given by

µmi
i = U+

t mi. (20)

Here,Φc denotes the subspace covariance matrix in the total
variability space, so that

Σc = UtΦcU
T
t . (21)

From this, an analytic form ofΦc can be derived as

Φc = U+
t ΣcU

+,T
t = U+

t UcU
T
c U

+,T
t . (22)

Note that this total variability scoring is equivalent to the gen-
erative model Gaussian scoring in [4].

3.2. Subspace Full Gaussian Scoring

We now show that under these subspace assumptions, full Gaus-
sian supervector scoring can also be evaluated with an efficient
subspace-based algorithm. The log-likelihood for (3) is

log p (x̄|Si) = −1

2
(x̄−mi)

T (Σn +Σc)
−1 (x̄−mi) .

(23)
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Applying (4) and (5) yields

log p (x̄|Si) = (24)

− 1

2

`

UcU
+
c mi

´T
“

Σn +UcU
T
c

”−1
`

UcU
+
c mi − 2x̄

´

.

Using (8) leads to

log p (x̄|Si) =− 1

2

`

U+
c mi

´T
H−1

c U+
c mi (25)

+
`

U+
c mi

´T
H−1

c

“

UT
c Σ

−1
n Uc

”−1

UT
c Σ

−1
n x̄,

where

Hc =
“

UT
c Σ

−1
n Uc

”−1 “

I+UT
c Σ

−1
n Uc

”

. (26)

By completing the square, we see that full Gaussian scoring is
equivalently evaluated as

zgs,c|Si ∼ N (µgs,c
i ,Hc) , (27)

where

zgs,c =
“

UT
c Σ

−1
n Uc

”−1

UT
c Σ

−1
n x̄, (28)

and

µgs,c
i = U+

c mi. (29)

In this way, full Gaussian scoring is implemented as the evalu-
ation of a single Gaussian in the low-dimensional channel sub-
space. Note that these formulas are similar in form but not in
detail to the model-dependent channel i-vector equations in Sec.
3.1.1.

Alternatively, using

Uc = UtU
+
t Uc, (30)

full Gaussian scoring can be expressed as

zgs,t|Si ∼ N
`

µgs,t
i ,Ht

´

, (31)

where

zgs,t =
“

UT
t Σ

−1
n Ut

”−1

UT
t Σ

−1
n x̄, (32)

the subspace mean is given by

µgs,t
i = U+

t mi, (33)

and

Ht =U+
t UcHcU

T
c U

+,T
t . (34)

Here, full Gaussian scoring shows great similarity to total vari-
ability i-vectors presented in Sec. 3.1.2.

3.3. Long-Duration Approximations

It is of interest to study the behavior of full Gaussian scoring
in the case of long-duration cuts. Particularly, it is useful to
compare full Gaussian scoring with model-dependent channel
and total variability i-vectors. By considering (2), it can be con-
cluded that for long duration signals, (26) can be approximated
byHc ≈ I. This is due to the fact that for largeT , the effect of
the identity matrix in the right-most term of (26) becomes negli-
gible. Using similar reasoning, (34) can be shown to be approx-
imated byHt ≈ Φc for largeT . For the case of long-duration
cuts, full Gaussian scoring can then be approximated by evalu-
ating (27) withHc=I, or (31) withHt=Φc. These correspond

to the long-duration approximations of model-dependent chan-
nel and total variability i-vectors, respectively. Therefore, all
three subspace methods are equivalent for largeT .

From (26),Hc can be interpreted as applying attenuation
to sufficient statistics based on signal duration. Specifically,
for short signals,Hc attenuates sufficient statistics to normalize
for observation noise. Conversely, for long signals,Hc nears
the identity matrix, and has no effect on scoring. Note that
this is similar in concept to duration modeling proposed in [7].
By contrast, the duration behavior of i-vector scoring methods
is less intuitive, since for example the total variability scoring
of (18) compares an attenuated i-vector with a non-attenuated
mean.

4. Subspace Hyperparameter Estimation

The previous sections show the explicit relationships between
covariance matrices estimated in the total variability subspace
and their full supervector counterparts. Here, we show that this
can be used as a hyperparameter estimation technique, and show
how to correctly apply PCA for dimension reduction in the full
supervector space. Finally, we derive a new technique, which
we call Supervector LDA (SV-LDA), for reducing the dimen-
sion of the total variability space used for i-vector extraction.

4.1. Subspace Estimation

Estimating within-class and across-class covariance matrices in
the total variability space is straightforward, since i-vectors are
of low dimension. Also, since the Wiener filtering has removed
the observation noise from the sufficient statistics, only lan-
guage and channel variations remain. Equation (21) shows the
relationship between the subspace covariance matrixΦc and
the full supervectorΣc covariance, and implies an algorithm
to estimateUc from Φc. After eigendecomposition of a sub-
space sample covariance matrixΦc, the supervector matrixUc

is attained by pre-multiplying byUt. This approach can be ap-
plied forUs as well; it can even be used to produce an updated
version ofUt itself with iterative Wiener filtering.

4.2. Dimension Reduction

It is common in JFA to use lower dimensions forUs andUc.
While it is tempting to use PCA to reduce the dimensions of
the subspace covariance matrices and then map them back to
the full supervector space, this is not effective since it does not
account for the eigenvalues withinUt. The correct way to ac-
complish this, for example forUc, is to first useΦc to generate
the supervector matrixUc, and then to perform PCA dimension
reduction onUcU

T
c . For an i-vector system, this supervector

PCA (SV-PCA) approach provides a simple way to reduce the
dimension ofUt without retraining.

4.3. Supervector LDA

LDA is often used in i-vector systems to reduce the dimension-
ality of scoring [2]. However, this is done after full-sized i-
vector extraction, so it does not reduce the complexity of the
entire system. Motivated by the previous section, we now show
how to extend LDA back to the original supervector space, so
that the total variability subspace defined by the matrixUt can
be designed to optimize discrimination.

Using LDA, the subspaceUt can be constructed as the
highest-energy eigenvectors ofΣ−1

c Σs. Performing the eigen-
decomposition directly in the full supervector space is pro-
hibitively complex. However, by applying the transpose of (8),

INTERSPEECH 2012 48



Scoring Test Duration
Method 30s 10s 3s
I-vec Gaussian 2.2 4.9 14.5
Supervector Gaussian 2.1 5.0 16.7

Table 1: MinCavg performance as a function of scoring method
for NIST LRE09 Evaluation Set.

and taking the limit of a PPCA inverse:

Σ−1
c Σs = lim

δ→0

“

δI+UtΦcU
T
t

”−1

UtΦsU
T
t (35)

= lim
δ→0

Ut

“

δΦ−1
c +UT

t Ut

”−1

Φ−1
c ΦsU

T
t

=Ut

“

UT
t Ut

”−1

Φ−1
c ΦsU

T
t .

Here,Φs is the language model covariance matrix in the to-
tal variability subspace, and is defined similarly to (22). Using
the kernel trick, the eigendecomposition required for LDA can
therefore be performed with the decomposition of a subspace
matrix. In practice, regularizing each subspace sample covari-
ance matrix to a diagonal version allows bothΦc andΦs to be
of full rank so that any number of LDA dimensions can be gen-
erated, not just the number of language classes. In addition, we
have empirically found better performance by forcing this sub-
space matrix to be symmetric using only the upper triangular
portion.

5. Experimental Results
This section presents experimental comparisons of these sys-
tems for the NIST LRE 2009 evaluation set.

5.1. System Design

The feature extraction, training data, and back-end used in this
work are similar to that employed in [8]. Speech is windowed
at 20 ms with a 10 ms frame rate, filtered through a mel-scale
filter bank followed by RASTA. Each vector is then converted
into a 56-dimensional shifted delta cepstra vector using a 7-1-
3-7 scheme and concatenation to the static cepstral coefficients.
Speech activity detection is then applied and the speech is nor-
malized to a standard distribution.

The data used for training and development includes two
main sources of data, conversational telephone speech (CTS)
and broadcast news (BN). The CTS partition includes data
from multiple corpora including CallFriend, CallHome, Mixer,
OHSU and the OGI-22 collections. The BN partition includes
data from VoA as supplied by NIST. The evaluation data used is
the data defined by NIST for the 2009 LRE and includes evalua-
tion segments for 30s, 10s and 3s covering 23 language classes.

For the i-vector system, a 2048-component UBM is used,
with a 600-dimensional i-vector extractor trained on the same
data from these 23 languages. The back-end uses a discrimina-
tively trained Gaussian with shared covariance. In these exper-
iments, duration norming [7] is not applied since the i-vector
systems have a natural downweighting of short duration scores.

5.2. Results

Results for the total variability i-vector system on LRE09 are
given in Tables 1 and 2. The first table shows that subspace full
Gaussian scoring provides equivalent performance to i-vector
scoring, although it is somewhat worse for short durations. Note
that overall this performance is comparable to [3] and not quite
as good as [4]; we believe this is due to the lack of vocal tract
normalization. Table 2 shows that dimension reduction in the

Reduction Dimension
Method 50 100 200
LDA 2.2/5.0/14.7 2.2/5.1/14.7 2.2/5.1/14.7
SV-PCA 5.2/8.6/18.4 3.1/6.1/15.8 2.6/5.2/14.8
SV-LDA 2.5/5.3/14.8 2.3/5.1/14.6 2.2/5.0/14.4

Table 2: MinCavg for 30/10/3 second testing as a function of
dimension for NIST LRE09 Evaluation Set.

full i-vector space via LDA provides equivalent performance,
while reducing the complexity of scoring but not i-vector ex-
traction. The remaining rows show that SV-PCA provides re-
duced complexity extraction, but with significant degradation
even at 200 dimensions, while SV-LDA degrades much less. In
fact, the 100-dimensional SV-LDA system provides equivalent
performance to the baseline while reducing the amount of CPU
time needed for each i-vector extraction from 3 seconds to 0.1.

6. Conclusion
In this paper, we have extended our previous analysis of GMM
subspace techniques to highlight the similarities between JFA
and i-vector systems. Experiments on NIST LRE09 have con-
firmed that both methods can share hyperparameter estimation
and provide similar performance. In addition, we proposed a
new techique called SV-LDA that uses a discriminative crite-
rion to reduce the dimension and complexity of i-vector extrac-
tion without degrading performance.
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