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Abstract
This paper presents the effects of a wall impedance on

the propagation of higher-order modes in a three-dimensional
vocal-tract model. This model is constructed using an asym-
metrically connected structure of rectangular acoustic tubes,
and can parametrically represent acoustic characteristics in
higher frequencies where the assumption of the plane wave
propagation does not hold. The propagation constants of the
higher-order modes are calculated taking account of the wall
impedance. The resonance characteristics of the vocal-tract
model are evaluated based on the transfer impedance between
an input volume velocity and an output sound-pressure.
Index Terms: vocal-tract model, higher-order modes, wall
impedance

1. Introduction
The acoustic analysis of three-dimensional vocal-tract models
in higher frequencies has been performed by many researchers
based on the geometrical data obtained by magnetic resonance
imaging. A finite element method (FEM) is a standard numeri-
cal simulation technique for investigating the effects of the fine
three-dimensional structure of the vocal-tract such as small dips
or branches [1, 2]. However, FEM requires a large amount of
time not only for the computation itself, but also for the cre-
ation of finite element meshes.

On the other hand, a parametric method to compute the
acoustic characteristics in higher frequencies, where the as-
sumption of plane wave propagation does not hold, has been
developed by using higher-order modes [3, 4]. The vocal-tract
is approximated by a cascaded structure of rectangular acoustic
tubes. Although the performance in representing the detailed
structure of the vocal-tract is not high, this method can repre-
sent the effects of the transverse dimension of the vocal-tract in
higher frequencies, and has an advantage of fast computation
since this method can be regarded as an extension of a well-
known one-dimensional vocal-tract model.

Even though the radiation factor is taken into account,
the resonance characteristics of three-dimensional vocal-tract
model with internal loss-less condition generally contain many
sharp peaks and zeros in higher frequencies above the frequency
limit of plane wave propagation.

In this paper a wall impedance is introduced in the com-
putation of the propagation constant of the higher-order modes,
and the transfer characteristics of the proposed model are eval-
uated for different values of the wall impedance. Results show
an increase of bandwidth and a slight upward shift of peaks
especially in lower frequencies, as already suggested by one-
dimensional model. It is also shown that the sharp peaks
in higher frequencies are less sensitive to the values of the

wall impedance even though the attenuation of the higher-order
modes is larger than that of a plane wave.

2. Acoustic model with higher-order modes
2.1. Model description

A cascaded structure of rectangular acoustic tubes, connected
asymmetrically with respect to their axes as illustrated in figure
1, is introduced as an approximation of the vocal tract geom-
etry. The width, height, length and the position of the axis of
each tube can be specified independently. A sound source can
be specified as an arbitrary vibrating surface on the entrance of
the first section. The last section corresponding to the mouth
is open to a free space. The radiation of sound is taken into ac-
count. The wall of each rectangular tube has yealding properties
that can be specified by the wall impedance.

2.2. Propagation constant of higher-order mode

The sound-pressure p(x, y, z), z being the direction of the tube
axis, and the particle velocity v(x, y, z) can be expressed as,

p(x, y, z) = jωρφ(x, y, z) (1)

v(x, y, z) = −∇φ(x, y, z) (2)

where ω and ρ are angular frequency and air density. φ(x, y, z)
is a velocity potential satisfying the Helmholtz equation.

∇2φ(x, y, z) + k2φ(x, y, z) = 0 (3)

k = ω/c, c:sound speed, is a wave number. The three-
dimensional acoustic field in each tube can be represented in
infinite series of higher-order modes as,

φ(x, y, z) =
∞X

m,n=0

(amne
−γz,mnz + bmne

γz,mnz)ψmn(x, y)

(4)
wherem and n stand for the numbers of the higher-order modes
in x and y directions, amn and bmn are constant determined
from the geometry of adjacent tubes. γz,mn and ψmn(x, y) are
the propagation constant and normal function (eigen function),
respectively. ψmn(x, y) can be written as,

ψmn(x, y) = Hcs (m, γx,mx)Hcs (n, γy,ny) (5)

Figure 1: Cascaded structure of rectangular tubes.
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where Hcs (q, θ) is defined as follows.

Hcs (q, θ) =

j
cosh (θ) q = 0, 2, 4, . . .
sinh (θ) q = 1, 3, 5, . . .

(6)

γx,m, γy,n and γz,mn are required to satisfy the following rela-
tion.

γ2
x,m + γ2

y,n + γ2
z,mn + k2 = 0 (7)

γz,mn is to be determined by specifying the boundary condition
on the wall. A wall impedance Zw is defined as the ratio of the
sound pressure p to the particle velocity component vn normal
to the wall surface. By applying the theory of lined duct [5, 6],
wall boundary condition can be represented separately for even
and odd modes in x-direction.

Even modes

∂p
∂x

˛̨
x=0

= 0

Zw = p
±vx

˛̨̨
x=±Lx/2

= −j ωρ
γx,m

coth
`
γx,m

Lx
2

´ (8)

Odd modes

p|x=0 = 0

Zw = p
±vx

˛̨̨
x=±Lx/2

= −j ωρ
γx,m

tanh
`
γx,m

Lx
2

´ (9)

Lx is the sectional dimension of the rectangular tube in x-
direction as illustrated in figure 2. From eqs (8) and (9), γx,m
is obtained as,

γx,m =

8<
: ej

3
4
π
q

2kȲ
Lx

m = 0

jπ
Lx

“
m+ j 2kLxȲ

mπ2

”
m = 1, 2, 3, . . .

(10)

where Ȳ is normalized wall admittance defined by Ȳ = ρc/Zw,
and |Ȳ | � 1 is assumed. Similar relations can be written in y-
direction.

γy,n =

8<
:

ej
3
4
π
q

2kȲ
Ly

n = 0

jπ
Ly

“
n+ j

2kLy Ȳ

nπ2

”
n = 1, 2, 3, . . .

(11)

Then γz,mn’s, propagation constant of mode (m,n) in z-
direction, are calculated as follows.

γz,mn = αz,mn + jβz,mn =
q
−

`
γ2
x,m + γ2

y,n + k2
´

(12)

αz,mn and βz,mn are attenuation and phase constants, respec-
tively. A mode (0,0) represents plane wave, others are higher-
order modes. The rigid wall condition corresponds to |Ȳ | = 0,
and γz,mn is reduced to

γz,mn =

s„
mπ

Lx

«2

+

„
nπ

Ly

«2

− k2. (13)

In this condition, the cut-off frequency fc,mn of mode (m,n)
is calculated as a frequency where γz,mn = 0.

fc,mn =
c

2π

s„
mπ

Lx

«2

+

„
nπ

Ly

«2

(14)

The higher-order modes are propagative above fc,mn, and are
evanescent, βz,mn = 0, below fc,mn. The evanescent modes
are mainly excited at the part of discontinuity in the shape, and

x

y
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Ly o

Zw

(a)

x
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Lx

Ly o

Zw

(b)

Figure 2: Example of sound-pressure distributions, (a) even
mode (b) odd mode.
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Figure 3: Attenuation of modes (0,0),(0,1) and (0,2), tube
size: Lx = 1.5[cm], Ly = 5.0[cm]. Vertical dashed lines
indicate cut-off frequencies for rigid wall condition, fc,01 =
3539[Hz], fc,02 = 2fc,01．Variation with respect to (a) R and
(b) L.

are localized in the vicinity of the excitation part. In order to
represent the variation of the acoustic field in the vicinity of
the part with rapid change in sectional shape, several higher-
order modes, not only propagative modes but also evanescent
modes, need to be considered. In the case of soft wall condition,
Ȳ �= 0, the exact cut-off frequency can not be obtained as γz,mn

does not become 0. However, as Ȳ is small, it is presumably
assumed that the resonances due to the higher-order modes will
appear in frequencies above fc,mn. If no higher-order mode is
considered, i.e. plane waves only, this model is identical to the
ordinary one-dimensional model of speech production.

3. Computational results
3.1. Attenuation and phase constants

As the wall impedance of the vocal-tract is an important physi-
cal parameter, its value has been directly measured or indirectly
estimated using different methodologies. The measured values

1014



0 2000 4000 6000 8000 10000
0

1

2

3

4

5

Frequency [Hz]

α z,m
n / 

α z,
00 (0,1) (0,2)

Figure 4: The ratio of the attenuation constants of modes (0,1)
and (0,2) to (0,0). Zw = 1900 + jω0.3[g/(cm2)s]

showed a relatively wide variety of range depending on meth-
ods and position of the human body [7–12]．The attenuation
constant αz,mn and phase constant βz,mn are computed with
changing the resistive term R and inertia term L of the wall
impedance Zw = R+ j(ωL−K/ω). A stiffness term K was
ignored in this computation.

Figure 3 shows the attenuation of modes (0,0),(0,1) and
(0,2) par unit length, 20 log eαz,mn , for the tube dimension of
Lx = 1.5[cm], Ly = 5.0[cm]. Vertical dashed lines indicate
cut-off frequencies fc,mn for rigid wall condition. L has rela-
tively large influence than the variation inR on both plane wave
and higher-order modes. The attenuation in the vicinity of the
cut-off frequencies is especially large. Figure 4 shows the ratio
of αz,mn to αz,00. The attenuation of higher-order modes is
always larger than that of the plane wave.

Figure 5 shows the difference of the phase constant relative
to that of the rigid wall condition. For mode (0,0), difference
rate is large in the frequency range below 2 kHz, which means
that if a resonance frequency appears in this range, the reso-
nance frequency will shift upward compared to the case of the
rigid wall. For higher-order modes, upward shift can be possi-
bly caused when the peak frequency is very close to the cut-off
frequency.

3.2. Transfer characteristics

Transfer characteristics of the model are evaluated in terms of
the transfer impedance Z, the ratio of the sound-pressure pr at
a distant point to the given source volume velocity UG. At the
distant point, pr can be assumed to be proportional to the root
of the total power WC radiated from the model.

Z =
pr
UG

= Kz

√
WC

UG
,Kz : const. (15)

WC can be evaluated at the open end of the tube using the para-
metric representation of higher-order modes [3].

3.2.1. Uniform rectangular tube

The transfer characteristics of a uniform rectangular tube (total
length Lz = 17[cm]) are shown in figure 6 changing the val-
ues of inertia term L. A rigid wall condition is also shown in
the top for the purpose of comparison. The lower peaks, es-
pecially below in 1 kHz, are largely influenced with respect to
the bandwidth by the variation of L. Compared with the rigid
wall condition, a small upward shift of peak frequencies is also
seen. Some sharp peaks above 3.5 kHz are the resonance of the
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Figure 5: Difference of the phase constant relative to that of the
rigid wall condition. (βz,mn|soft − βz,mn|rigid)/βz,mn|rigid ×
100 %. Variation with respect to (a) R and (b) L.

-15
-10

-5
 0
 5

 10
 15
 20

 0  1  2  3  4  5  6  7  8

A
m

pl
itu

de
 [d

B
]

Rigid wall

-15
-10

-5
 0
 5

 10
 15
 20

 0  1  2  3  4  5  6  7  8

A
m

pl
itu

de
 [d

B
]

L=2.4

-15
-10

-5
 0
 5

 10
 15
 20

 0  1  2  3  4  5  6  7  8

A
m

pl
itu

de
 [d

B
]

L=1.2

-15
-10

-5
 0
 5

 10
 15
 20

 0  1  2  3  4  5  6  7  8

A
m

pl
itu

de
 [d

B
]

L=0.6

-15
-10

-5
 0
 5

 10
 15
 20

 0  1  2  3  4  5  6  7  8

A
m

pl
itu

de
 [d

B
]

Frequency [kHz]

L=0.3

Figure 6: Transfer characteristics of a uniform rectangular tube
of size: Lx = 1.5[cm], Ly = 5.0[cm], Lz = 17[cm]. Zw =
R + jωL,R = 1500[g/(cm2 · s)]. From top to bottom, rigid
wall, L = 2.4, 1.2, 0.6, 0.3[g/cm2 ].
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Figure 7: Transfer characteristics of asymmetric 36 section con-
figuration with random perturbation of axis positions. 100 mod-
els with 8% perturbation. (a) rigid wall (b) Zw = 1900 +
jω1.2[g/(cm2 · s)].

propagative higher-order modes, and are almost the same as the
peaks in rigid wall condition. It can be said that even though
the attenuation of the higher-order modes is larger than that of
plane waves, the wall can be regarded as rigid enough for this
value of the wall impedance.

3.2.2. Asymmetric multiple section

To imitate a small change of the vocal-tract shape, the axis po-
sition (xi, yi) of the i-th section is modified while the area of
that section is kept unchanged.

xi = xi,0 + εLx,iR[−1, 1]
yi = yi,0 + εLy,iR[−1, 1] (16)

where Lx,i and Ly,i are the dimensions of the i-th section, and
R[−1, 1] a uniform random number between -1 and 1. ε is a
parameter to specify the maximum perturbation of the axis po-
sition. Figure 7 shows the transfer characteristics of 36-section
configuration given in figure 1, with changing the axis position
of each tube. 100 models having slightly different shapes have
been made with ε = 0.08.

It is clearly seen that lower peaks are stable even small
change in shape is given. The transfer characteristics above 4
kHz are largely influenced by the small change of the axis po-
sition with the appearance of sharp peaks and zeros. Compared
with the rigid wall condition, an increase of bandwidth and up-
ward shift of the first peak are also seen. The characteristics
in higher frequencies, however, are similar indicating the less
sensitivity to the values of the wall impedance.

4. Conclusions
The wall impedance of the vocal-tract was introduced in the
computation of the propagation constant of the higher-order
modes. The frequency characteristics of both the attenuation
and phase constants, and the transfer impedance were pre-
sented. The results showed an increase of bandwidth and a
slight upward shift of peaks especially in lower frequencies
while the sharp peaks in higher frequencies were less sensitive
to to the wall impedance.

Other internal loss factors, such as air properties (viscosity
and heat conductivity) or radiation from the skin should be fur-
ther investigated for the improvement of the three-dimensional
analysis of the realistic vocal-tract.
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