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Abstract

The line spectral frequencies (LSF) are known to be the most
efficient representation of the linear predictive coding (LPC) pa-
rameters from both the distortion and perceptual point of view.
By considering the bounded property of the LSF parameters,
we apply beta mixture models (BMM) to model the distribution
of the LSF parameters. Meanwhile, by following the principles
of probability density function (PDF) optimized vector quanti-
zation (VQ), we derive the bit allocation strategy for the BMM.
The LSF parameters are obtained from the TIMIT database and
a practical VQ is designed. By taking the Bayesian information
criterion (BIC), the square error (SE) and the spectral distor-
tion (SD) as the criteria, the BMM based VQ outperforms the
Gaussian mixture model based VQ with uncorrelated Gaussian
component (UGMVQ) by about 1 ~ 2 bits/vector.

Index Terms: speech coding, vector quantization, line spectral
frequencies, beta mixture model, Gaussian mixture model

1. Introduction

In the application of audio signal processing and speech pro-
cessing, the linear predictive coding (LPC) is the mostly used
tool for representing the spectral envelope of a digital signal
of speech in the compressed form. Among several represen-
tations of LPC parameters, the line spectral frequencies (LSF)
were shown to be the most efficient representation of the LPC
parameters [1, 2] from both the distortion and perceptual point
of view.

Encoding and decoding the LSF parameters effectively is
the essential task of speech coding and transmission. In the
practical application, how to obtain the codebook from the train-
ing set efficiently is a challenge in recent studies. The prob-
ability density function (PDF) based vector quantization (VQ)
can overcome the problem of training the VQ with insufficient
data. Furthermore, the codebook obtained by PDF-optimized
VQ can prevent the codebook from overfitting to the training
set [3, 4]. The important step in PDF-optimized VQ is to find
a proper parametric distribution to model the data. Most of the
literature utilized Gaussian mixture model (GMM) for the dis-
tribution and reached a good performance [3, 5, 6, 7]. One of
the problems of modelling the LSF parameters with GMM is the
mismatch between the support range of LSF parameters [0, 7]
and the support range of Gaussian distribution [—o0, 0o]. Lind-
blom et al. [5] proposed a bounded support GMM for LSF pa-
rameter quantization to adjust the model to fit the distribution
of the data. But this model is still computationally expensive
when training the bounded support GMM.

Some bounded support distributions (e.g beta mixture mod-
els (BMM), Dirichlet mixture models) were applied to model
the data with bounded support range (e.g. the image pixel val-
ues) and shown to outperform the GMM [8, 9]. Since the beta
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distribution is designed to model bounded support data, in this
paper, we model the distribution of the LSF parameters with
BMM and propose the PDF-optimized VQ based on the trained
BMM. With the high rate assumption, the distortion-rate (DR)
relation of the beta distribution is derived. According to the
PDF optimized VQ design principles [4], we propose the bit al-
location strategy for the BMM in both the fixed rate and variable
rate cases. The implementation algorithm is also introduced.

One issue should be stated in this paper. Since there is
no multivariate expression of the beta distribution (the Dirich-
let is not the true multivariate case because of the constraint of
summation to 1 for the variables), we assume the LSF parame-
ters in each component are independent and use instead a suffi-
cient number of mixture components to model the dependence
among the LSF parameters. As pointed in [5, 6], the mixture
model with uncorrelated mixture component can model the cor-
relations by increasing the number of mixture components and
the GMM based VQ with uncorrelated Gaussian component
(UGMVQ) [6] could reach the similar performance as the full
GMM based VQ. Thus we apply this zero correlation assump-
tion in our paper. With the zero correlation assumption, the VQ
is optimally replaced by a set of independent scalar quantizers
(SQ), which reduces the computational cost of quantization.

The TIMIT database [10] is used to evaluate the perfor-
mance. The 16-order LPC parameters are extracted from the
database and converted to 16-dimensional LSF parameters. By
taking the Bayesian information criterion (BIC) as the criterion,
the BMM models the data better than the GMM. We quantize
the LSF parameters with the proposed BMM based VQ and the
UGMVQ at the same level of model complexity. The exper-
imental results show that the BMM based VQ performs bet-
ter than the UGMVQ from the aspect of the LSF quantization
square error (SE) and spectral distortion (SD).

2. Model the LSF Parameters with BMM

The LSF parameters were introduced by Itakura [11] and the
LSFs are widely used for speech coding because of the advan-
tages compared to some other forms of reprentation (such as
LARs, ASRCs). For a linear predictive model with order K,
the LSFs are interleaved on the unit circle [1] as

0=wqy <wp; <wg; <...<wgp <wpg, =7 (1)
Fl PR
Then the LSF parameters are defined as
X = [xl,xg,...,xK]T = [wpl,wa,...,wpﬁ,qu]T. 2)
2 2

Since the LSFs are strictly bounded in the interval [0, 7], they
can be linearly compressed into the interval [0, 1].

The beta distribution is a family of continuous probability
distributions defined on the interval [0, 1] with two positive real
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parameters. The probability density function (PDF) of the beta
distribution is

Beta(z; a, 8) = Mw“7

1) _ p)B—1
Mot 77
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where I'(+) is the Gamma function defined as

" 00
/ t*~ e tdt.
0

Several studies [9, 12, 13] showed that the beta mixture mod-
els (BMM) could model the distribution of bounded data bet-
ter than some other mixtures (e.g. Gaussian mixture models
(GMM)). According to [4], modelling the data distribution bet-
ter could lead to a better performance in PDF-optimized VQ
design. Therefore, we apply the BMM in this paper to model
the distribution of the LSF parameters and design the VQ based
on BMM.

The K dimensional LSF parameter x can be modelled with
a mixture of beta distributions as

I'(z)

“

I K
= Z H BEta xkv (o778 zvﬁk ’L) (5)
=1 k=1

where [ is the number of mixture components, 7; is the prior
probability of the i¢h mixture component (Zle =1, m >
0) and {c, 3} are the parameters.

Although the LSF parameters are correlated, the correlation
among the elements 1, . .., £ x can be captured by the mixture
model wit uncorrelated mixture component and we assume that
the LSF vector x is conditionally uncorrelated generated from
one of the mixture components. In practise, by increasing the
number of mixture components, this mixture model with uncor-
related mixture component is capable of performing similarly
as the mixture models with correlated mixture component and
could achieve a lower complexity [5, 6]. In the remaining part
of this paper, we assume the independence among the LSF pa-
rameters and design a practical scalar quantizer to replace the
vector quantizer.

Several estimation methods of the parameters in the BMM
were proposed in [9, 12, 14] and we apply the conventional ex-
pectation maximization (EM) method to obtain the parameters
of the BMM from the LSFs.

3. PDF-optimized VQ Design

In practical VQ design, one problem is when the training set is
not sufficiently large, the codebook obtained may tend to over-
fit to the training set and the performance of the VQ could de-
crease. If the PDF of the data source is known, we can design a
VQ based on the PDF-optimized scheme to overcome the above
problem theoretically by generating a sufficiently large training
set from the trained PDF. By using a proper PDF, the perfor-
mance of VQ could be improved [3, 4].

3.1. Distortion Rate Relation with High Rate Assumption

With the high rate theory [15], we can derive the D-R relation
with the high rate assumption for the beta distribution. The D-R
relations are derived for both the constrained resolution and the
constrained entropy case. We firstly derive the D-R relation for
the scalar case and then expand it to the vector case with the
independence assumption.
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3.1.1. Constrained Resolution

In the constrained resolution case, the number of the quantiza-
tion levels is given as N = 2F. The D-R relation is as

Dip(R) = C x 2R U Beta(x)%dx} ’

_ —2R F(Oé 20-1(1 — £)B8-1 :
=Cx2 ()T 1-=) } dx ©6)
3
- (a +/3 "“*2>F )
=0x2 2R { a+6+

where C' is a constant.

3.1.2. Constrained Entropy

With a constraint on the entropy, given R bits, the D-R relation
is

Dig(R) = C x 9—2[R—hpeta(®)] 7
where
I'(a)T
hBeta(x) =logs % +logg e[(a+ B — 2)¢Y(a + B)]

—logy ef(a = D)yp(e) + (B
and 1(+) is the digamma function.

— Dy(8)]

3.2. Inter-component Bit Allocation Strategy for BMM

By taking the advantage of the mixture models, given a
total number of R;,: bits, the total distortion Diot
S°!_, miD£(R;) can be minimized by assigning the ith mixture
component with R; bits and taking the weighted summation of
the mixture component distortion D°(R;), ¢ = 1,...,I. Ei-
ther the D-R relation under the constrained resolution case or
the D-R relation under the constrained entropy case can be used
to find the optimal bit allocation strategy. We only consider the
constrained entropy case in this paper. With the zero correla-
tion assumption, the D-R relation under the constrained entropy
case for the mixture component can be expanded from (7) as

De(R) £ D& (R) = C
where C'(K)) is a constant depends on K.

(K) x 2_%[}%_25:1 hBeta ()] ®)

3.2.1. Fixed Rate

For the fixed rate case, the constraint for minimizing the total
distortion is 2%tet = Zle 2% With a Lagrange multiplier,
an objective function can be built as

I
n=Y mD{(R +AZQR
=1

Taking the derivative of n with respect to R;, we have
on
OR;

2Rt0t )

= —% In20(K)m;2~ & [Ri=X ko1 hpetai (@) 4 1n202R:

(10)
where hBeta,i (Tr) is the entropy of the kth dimension in the ith
mixture component. By setting (10) equal to 0 and after some
algebra, we have

i 2K ; e
2R {WiQK[Zkzl hBeta,z(Zk)]} +

an

and finally we can obtain
K

{71.1,2% (X5 hBeta,i (k)] } K+2

9Ri — oRiot 5 (12)

K
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3.2.2. Variable Rate

For the variable rate case, the constraint is Riot
Zle m;R; + logy, I. We build an objective function with a
Lagrange multiplier as

I I
n=Y_ mD{(Ri)+ A miRi— Ry
i=1

i=1

13)

where R, = Rio+ — log, I is the number of available bits for
quantizing the variable. Taking the derivative of 7 with respect
to R;, we have

ggi - _% In 2C/(K)m; 2™ & (R~ Ti hpetai@ol | \p.
The relation between R; and Zszl hBeta,i(Tk) is
K
R; — Z hBeta,i(xr) = M (M is a constant)
k=1
I K I
=) ™ Ri_ZhBeta,i(xk):| =) mM=M
i=1 k=1 i=1
K I K
=R — Y hpetai(zr) =Y ™ |:Ri -3 hBetu,i(mk):|
k=1 i=1 k=1
K I K
=R, =Rq+ Z hBeta,i(mk) - Z i |:Z hBeta’i(mk):| '
k=1 =1 Llk=1

3.3. Intra-component Bit Allocation Strategy for BMM

If we assign equal distortion weights to each dimension of the
LSF vector x [z1,...,2K]7, then the bits R; allocated
for the ith component can be distributed to each dimension
k 1,..., K according to the entropy of each dimension
hBeta (xk) Considering the constrained entropy case and with
similar steps as in section 3.2, the bits allocated to the kth di-
mension in the ith mixture component is

K

R; 1
"+ hpeta,i(@k) — = D hBeta,i(@k).  (14)
K k=1

Ry, = K
The bit allocation obtained by (14) could allocate fractional bits.
In practical implementation, the number of bits for each dimen-
sion is rounded off to satisfy the total rate constraint.

3.4. Quantization Algorithm

Since we have already allocated bits for each dimension in each
mixture component, a practical designing scheme of SQ based
on beta distribution is needed to obtain the codebook for each
dimension in each mixture component. Under the high rate
assumption, the optimal distribution of the centroid could be
found. But with two different beta distributions, the transfor-
mation between two optimal centroid distributions is not lin-
ear and a closed form of the optimal transformation can not be
found. ! One possible way to solve this problem is to train the
codebook with Lloyd algorithm for each beta distribution sep-
arately, which is highly computationally expensive. Another
way is to apply the compander scheme. The codebook can be
obtained by a compress-expand process via a uniform quantizer

IFor the case of Gaussian distribution, the transformation between
two optimal centroid distribution is linear. With the same quantiza-
tion level, if we have obtained the codebook for one Gaussian distribu-
tion (e.g. a Gaussian distribution with unit variance), the codebook for
any other Gaussian distribution could be optimally obtained by a closed
form linear transformation.
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for each beta distribution. This method is more efficient than
exhaustive training. But when applying high rate assumption to
the low rate case, the compander via the uniform distribution
performs worse compared to obtaining the codebook by train-
ing [16]. A scheme of designing a practical scalar quantizer
for beta distribution is proposed in [16]. That scheme takes
the advantages of both training and compander. In this paper,
we applied that scheme to design the scalar quantizer for each
dimension in each mixture component.

The algorithm of BMM based VQ is as follows (in the vari-
able rate case):

1. Train the BMM with EM algorithm;

2. Allocate bits to each dimension in each mixture compo-
nent with the strategy proposed above;

3. For an LSF vector x, quantize it with all the mixture
components and choose one mixture component by the mini-
mum square error criterion 2. The VQ is realized by a set of
SQs;

4. Transmit the index of the mixture component as well as
the indices of each dimension;

4. Experimental Results and Discussion

We evaluate the BMM based VQ with the LSF parameters ex-
tracted from the TIMIT database [10], where the speech is
sampled at 16 kHz. The dimension of the LSF parameters is
K = 16 for the wide-band data. The training set consists
of 100,000 LSF parameter vectors and the test set consists
of 10,000 LSF parameter vectors which is different from the
training set. Both the training set and the test set are selected
randomly from the database. The LSF parameters are linearly
compressed into [0, 1] by dividing each dimension by 7. Both
the BMM and GMM are composed of 64 uncorrelated mixture
components. The expectation maximization algorithm is ap-
plied to train the parameters in BMM and GMM. The test set
is used to evaluate the VQ performance. The mean results are
reported with 25 rounds of such simulations.

Fig. 1 shows the LSF parameter distributions (the first and
second dimensions) and the corresponding obtained BMM and
uncorrelated GMM. It is very clear that BMM models the dis-
tribution better than uncorrelated GMM: 1. the BMM captures
the shape better at the bottom of the distribution; 2. uncorre-
lated GMM violates the [0, 1] limitation for the LSF parame-
ters in the 1st dimension. The BIC includes the trade-off be-
tween the likelihood and the model complexity. In our exper-
iment, the BIC values for BMM and uncorrelated GMM are
BICp = —3.7729 x 10° and BICg = —3.6713 x 10° re-
spectively. We prefer BMM because of the smaller BIC value.

After obtaining the parameters for BMM and uncorrelated
GMM, we quantize the LSF parameters with BMM and uncor-
related GMM respectively. With the variable rate bit allocation
strategy in section 3.4, we quantize the LSF parameter with each
mixture component and choose one of them by the minimum SE
criterion. Once the mixture component is chosen, the index of
the mixture component and the indices of the corresponding SQ
is transmitted. The quantized LSF parameter is used to calculate
the SD. The SD for the nth LSF frame is given as

Fg ~ 2
SD, = \/;/O {10 logyo Pu(f) — 101logy, Pn(f)] daf

where Fj is the sampling frequency in Hz, P,(f) and ﬁn( )
are the original and quantized LPC power spectra of the nth

2There is a monotonic relation between SD and SE. To reduce the
complexity, we choose the SE as the criterion here.
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Figure 1: Comparison of modelling the LSF parameters with
BMM and GMM.

frame. P(f) and P(f) are calculated as
K
Pu(f) = 1/|An(™ /PP, AR) = 14 3 apz™"
k=1

K
Pu(f) = 1/|An(®™/F) 2, Az) = 14 ) apz*
k=1

where ai, k = 1,..., K are the corresponding LPC parame-
ters in the nth frame. The mean SD is evaluated from all the
test LSF frames. The performance of BMM based VQ is shown
in Table 1. It is observed that the BMM based VQ could reach
the transparent coding with around 45 ~ 47 bits/vector. For
comparison, the performance of UGMVQ) is shown in Table 2.
The BMM based VQ shows the advantage of 1 ~ 2 bits/vector
over the UGMVQ. Although we allocate bits and selected the
mixture component by SE in the quantization procedure, the
monotonic relation between the SE and SD is verified in both
tables. For future work, applying some other VQ design scheme
(e.g. split VQ, switched split VQ) based on BMM may further
improve the performance.

5. Conclusion

LSF parameter quantization is the essential part of audio/speech
coding. In this paper, we proposed an algorithm for designing
a practical VQ based on BMM. Since the LSF parameters are
strictly bounded in [0, 7] and could be linearly compressed into
the interval [0, 1], the BMM was applied to model the distribu-
tions of the LSF parameters. Following the high rate theory and
PDF optimized VQ design scheme, the bit allocation strategy
for BMM based VQ was derived. The 16-dimensional LSFs
extracted from the TIMIT database were used to evaluate the
performance of the BMM based VQ. Compared to UGMVQ,
BMM can model the LSFs better by taking the BIC as crite-
rion. For transparent coding, BMM based VQ performs better
than the UGMVQ. An advantage of 1 ~ 2 bits/vector could be
achieved by using BMM based VQ.
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