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Abstract

In this paper, we have successfully extended our previous
work of convex optimization methods to MMIE-based discrim-
inative training for large vocabulary continuous speech recog-
nition. Specifically, we have re-formulated the MMIE training
into a second order cone programming (SOCP) program using
some convex relaxation techniques that we have previously pro-
posed. Moreover, the entire SOCP formulation has been devel-
oped for word graphs instead of N-best lists to handle large vo-
cabulary tasks. The proposed method has been evaluated in the
standard WSJ-5k task and experimental results show that the
proposed SOCP method significantly outperforms the conven-
tional EBW method in terms of recognition accuracy as well
as convergence behavior. Our experiments also show that the
proposed SOCP method is efficient enough to handle some rel-
atively large HMM sets normally used in large vocabulary tasks.

Index Terms: speech recognition, discriminative training, max-
imummutual information estimation, convex optimization, sec-
ond order cone programming

1. Introduction
Discriminative training (DT) for automatic speech recognition
(ASR) has been intensively studied for several decades. The
essential idea of DT is to apply a discriminative criterion to the
training procedure of HMMs. Many discriminative criteria have
been proposed for ASR, such as maximum mutual information
estimation (MMIE)[1, 7], minimum classification error (MCE),
minimum phone (word) error (MPE/MWE), large margin es-
timation (LME)[2], etc. In DT, an objective function is first
constructed according to one of these discriminative criteria.
Then, some effective optimization methods are used to maxi-
mize/minimize the objective function with respect to model pa-
rameters. Many optimization methods have been applied to DT
of HMMs in ASR, including generalized probabilistic descent
(GPD), quickprop, extended Baum-Welch (EBW) and etc. The
major difficulty of DT in ASR lies in the fact that most DT
criteria normally result in very large-scale optimization prob-
lems. For example, in a state-of-the-art system in large vocabu-
lary ASR tasks, these DT criteria usually lead to very complex
objective functions involving over millions or even tens of mil-
lions of free variables. Optimization in such a high-dimensional
space is always an difficult problem since it is very easy to trap
into any shallow local optimum point in the complicated sur-
face of the objective functions. At present, the EBW algorithm
has been regarded as one of the most successful optimization
methods for DT in a variety of ASR tasks, ranging from small
vocabulary to very large vocabulary tasks.

Recently, we have proposed to use convex optimization for
DT in ASR [4, 8]. The advantage of convex optimization is that
it never suffers from local optimum problem because any lo-
cal optimum is always globally optimal in convex optimization
problems. As a result, convex optimization can be effectively
solved even for very high-dimensional problems. In our pre-
vious work, some convex optimization methods, such as semi-
definite programming (SDP) and second order cone program-
ming (SOCP), have been applied to large margin estimation
based on N-best lists for some small vocabulary digit string
recognition tasks [4, 8]. In the past few years, we have been
working on extending this type of work to other more challeng-
ing large vocabulary continuous speech recognition (LVCSR)
tasks. In this paper, we report our first work along this line. As
the first step, we have applied one convex optimization tech-
nique to solving MMIE training of HMMs for LVCSR. More
specifically, we converted the standard MMIE training problem
of Gaussian mixture CDHMMs into an SOCP problem based
on some convex relaxation techniques that we have previously
proposed. Moreover, the SOCP formulation has been extended
to use word graphs instead of N-best lists to deal with large
vocabulary ASR tasks. The proposed methods have been eval-
uated on the standard WSJ-5k ASR task. Experimental results
have shown that the proposed SOCP approach significantly out-
performs the conventional EBW approach in the MMIE train-
ing with the improvement from 95.74% to 95.91% in word ac-
curacy. Our experiments also demonstrate that the proposed
SOCP formulation is efficient enough, in terms of CPU time
and memory usage needed for optimization, to handle some rel-
atively large scale HMM sets used in many LVCSR tasks with
up to tens of thousands of Gaussians.

2. Maximum Mutual Information
Estimation as Constrained Optimization

Maximum mutual information estimation (MMIE) is a popular
method for DT in ASR. Given a training set consisting of utter-
ances Xr along with its transcriptions Wr (1 ≤ r ≤ R), the
MMIE criterion is defined as follows:

FMMI(Λ) =

RX
r=1

log

"
p(Xr|λWr )

κp(Wr)P
w∈Gr p(Xr|λw)κp(w)

#
, (1)

where Λ denotes the whole HMM set, λWr the concatenated
HMM forWr, Gr stands for word graph generated for Xr and
κ is the acoustic scaling factor.

As shown in [5], it is beneficial to impose a local constraint
on model parameters Λ to ensure that they do not deviate too
much from its current values during optimization, i.e. Λ(n). The
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local constraint can be quantitatively computed based on KL
divergence (KLD). For some models, the KLD-based constraint
can be further relaxed as quadratic constraints. Therefore, the
MMIE training of HMM parameters, Λ, can be formulated as
the following iterative constrained maximization problem:

Λ(n+1) = argmax
Λ

FMMI(Λ) (2)

subject to ||Λ− Λ(n)|| ≤ ρ2, (3)

where ρ > 0 is a pre-set constant to control the search range.
Apparently the constraint in eq.(3) intuitively specifies a trust
region for optimization in each iteration.

3. SECOND ORDER CONE
PROGRAMMING (SOCP)

A second order cone programming (SOCP) problem is a non-
linear convex optimization problem in which a linear function
is minimized over the intersection of an affine set and the prod-
uct of various second-order cones. A standard SOCP has the
following form:

minimize fTx

subject to ‖Aix+ bi‖ ≤ cTi x+ di (i = 1, . . . , N)

(4)

where x ∈ Rn is the optimization variable, and the problem
parameters include f ∈ Rn, Ai ∈ R(ni−1)×n, bi ∈ Rni−1,
ci ∈ Rn and di ∈ R. The norm appearing in the constraints
is the standard Euclidean norm, i.e., ‖u‖ = (uTu)

1
2 . We call

the constraint ‖Aix+ bi‖ ≤ cTi x+ di in eq.(4) a second-order
convex cone constraint of dimension ni.

SOCP includes linear programming (LP) and (convex)
quadratic programs (QP) as special cases, but is less general
than SDP. Many efficient primal-dual interior-point methods
have been developed for SOCP. Since SOCP is a well-defined
convex optimization problem, the efficient algorithm for SOCP
can lead to the globally optimal solution.

4. Solving MMIE via SOCP
In the following, we consider how to convert the above MMIE
problem of Gaussian mixture CDHMMs into an SOCP problem
so that it can be solved via convex optimization algorithms. In
this work, we only consider to estimate Gaussian mean vectors
in CDHMMs and assume other parameters unchanged.

At first, we assume there are totallyK Gaussian mixtures in
the CDHMM set. For notational convenience, we denote them
as N (μk, σ

2
k) where k ∈ (1, 2, . . . ,K). For all training utter-

ances Xr = {xr1,xr2, · · · ,xrTr} (0 ≤ r ≤ R), Following
the idea of E-approx in [3], the numerator part in the MMIE ob-
jective function can be approximated by an auxiliary function
as in the EM algorithm, denoted as Q+(Λ|Λ(n)):

F(num)
MMI (Λ) =

RX
r=1

log [p(Xr|λWr )
κ · p(Wr)] ≈ Q+(Λ|Λ(n))

=
RX

r=1

X
sr

X
lr

ln p(Xr, sr, lr | λWr ) · Pr(sr, lr | Xr, λ
(n)
Wr

)

= −1

2

RX
r=1

TrX
t=1

X
k∈K

DX
d=1

(xrtd − μkd)
2

σ2
kd

· γr(k, t) + b∗ (5)

where γr(k, t) denotes posterior probability calculated for k-th
Gaussian component in the model set (k ∈ K) at time t using
the Baum-Welch algorithm from numerator lattices conditioned
on the initial model Λ(n), and b∗ is a constant independent from
all Gaussian mean vectors.

After rearranging all terms in eq.(5), we can organize
Q+(Λ|Λ(n)) as a quadratic function of all Gaussian mean vec-
tors:

Q+(Λ|Λ(n)) = −1

2

X
k∈K

DX
d=1

ξk ·
„
μkd − x̄kd

σkd

«2

+ b′ (6)

where b′ is another constant independent of Gaussian mean vec-
tors, and ξk and x̄kd are statistics collected from all numerator
lattices for k-th Gaussian component as follows:

ξk =

RX
r=1

TrX
t=1

γr(k, t) (7)

x̄kd =

PR
r=1

PTr
t=1 γr(k, t) · xrtdPR

r=1

PTr
t=1 γr(k, t)

. (8)

Furthermore, we can represent eq.(6) as the following
equivalent matrix form:

Q+(Λ|Λ(n)) = −1

2

h
uTΦ+u− 2x̃TΦ+u+ x̃TΦ+x̃

i
+ b

′

(9)

where u is a large column vector created by concatenating
all normalized Gaussian mean vectors as u = (μ̃1, · · · , μ̃K)
with μ̃k = (μk1/σk1, · · · , μkD/σkD), and Φ is KD × KD
dimensional diagonal matrix with ξk in diagonal, and x̃ is
a concatenated vector as x̃ = (x̃1, ..., x̃K) with x̃k =
(x̄k1/σk1, · · · , x̄kD/σkD).

Similarly, the denominator part of the MMIE objective
function can also be reformulated as a quadratic form related
to the mean vectors as follows:

F(den)
MMI (Λ) =

RX
r=1

log
X
w∈Gr

h
p(Xr|λw)

κp(w)
i
≈ Q−(Λ|Λ(n))

=

RX
r=1

X
w∈Gr

X
s,l

h
log p(Xr, s, l|λw) + log p(w)

i
Pr(s, l|Xr,Λ

(n))

= −1

2

RX
r=1

X
w∈Gr

TrX
t=1

X
k∈K

DX
d=1

»
(xrtd − μkd)

2

σ2
kd

· γ′r(k, t|w)

–
+ b̂

= −1

2

X
k∈K

DX
d=1

h
ξ
′
k ·
 
x̄

′
kd − μkd

σkd

!2 i
+ b

′′
,

(10)

where b
′′
and b̂ are constants and γ′r(k, t|w) is posterior prob-

ability for k-th Gaussian at time t for r-th utterance along one
path w in word graph Gr, and ξ

′
k and x̄

′
kd are statistics collected

from all word graphs as follows:

ξ
′
k =

RX
r=1

X
w∈Gr

TrX
t=1

γ′r(k, t|w) (11)

x̄
′
kd =

PR
r=1

P
w∈Gr

PTr
t=1 γ

′
r(k, t|w) · xrtdPR

r=1

P
w∈Gr

PTr
t=1 γ

′
r(k, t|w)

. (12)
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In the same way, we represent Q−(Λ|Λ(n)) as another ma-
trix form:

Q−(Λ|Λ(n)) = −1

2
(uTΦ−u− 2x̃

′TΦ−u+ x̃
′TΦ−x̃

′
) + b

′′

(13)

where u is the same concatenated vector of normalized Gaus-
sian means as in eq.(9), Φ− and x̃

′
are defined in the same way

as their counterparts in eq.(9) but computed with denominator
statistics in eqs.(11) and (12).

Based on the above, the original MMIE objective function
FMMI(Λ) can be approximated by the difference of these two
auxiliary functions, Q+ and Q−, as follows:

FMMI(Λ) ≈ Q+(Λ|Λ(n))−Q−(Λ|Λ(n)) + hr

= uTQu+ q · u+ g (14)

whereQ = − 1
2
[Φ+ −Φ−] and q = (x̃TΦ+ − x̃

′TΦ−) and g
is a constant.

Furthermore, the locality constraint in eq.(3) can also be
represented as a spheral constraint of u as follows:

||Λ− Λ(n)|| =
X
k∈K

DX
d=1

(μkd − μ
(n)
kd )2

σ2
kd

= ||u − u(n)|| (15)

Therefore, the original MMIE problem can be converted
into the following iterative constrained maximization problem:

Problem 1
max

u
uTQu+ q · u+ g (16)

subject to:

R(Λ) = ||u− u(n)|| ≤ ρ2 (17)

The constraint in eq.(17) is a convex constraint. However,
the objective function is in standard quadratic form but it is
not convex since we cannot guarantee matrix Q to be a pos-
itive semi-definite. To deal with this problem, using the con-
vex relaxation technique in [8], we first decompose the matrix
Q according to its eigenvalues and eigenvectors, λm and vm

(m ∈M), as follows:

Q = Q+ +
X

m∈M,λm<0

λm · vm(vm)T (18)

whereQ+ =
P

m∈M,λm>0 λm ·vm(vm)T is a positive semi-
definite matrix since it is constructed only from all eigenvec-
tors with positive eigenvalues. As in [8], the quadratic term in
eq.(16) can be decomposed as two terms:

uTQu = uTQ+u+
X

m∈M,λm<0

λmzm (19)

where all eigenvectors with negative eigenvalues are replaced
by some new variables, zm, under the constraint:

zm = uTvm(vm)Tu. (20)

Following [8], the above non-convex equality constraints
are relaxed as the following convex inequality constraints:

uTvm(vm)Tu ≤ zm ≤ 2μ̃(n)
m μ̃m − μ̃(n)

m μ̃(n)
m + ρ2. (21)

for allm ∈ M and λm
i < 0.

Finally, Problem (1) can be relaxed and converted into the
following convex optimization problem:

Problem 2

max
u,zm

h
uTQ+u+

X
m∈M,λm<0

λmzm + q · u+ g
i

(22)

subject to:

R(Λ) = ‖u− u(n)‖ ≤ ρ2 (23)

uTvm(vm)Tu ≤ zm ≤ 2μ̃(n)
m μ̃m − μ̃(n)

m μ̃(n)
m + ρ2 (24)

for all m ∈ M and λm
i < 0.

As shown in [8], Problem 2 is a convex quadratic program-
ming problem and it can be easily converted into an SOCP prob-
lem so that it can be solved by any SOCP solver.

5. Experiments
The proposed SOCPmethod for MMIE training has been evalu-
ated on a standard large vocabulary continuous speech recogni-
tion task using theWSJ0 (Wall Street Journal) corpus. In our ex-
periments, we use the standard SI-84 set as training data, which
consists of 7133 training utterances from 84 speakers. Evalua-
tion has been performed on the standard Nov’92 non-verbalised
5k close-vocabulary test set (wsj-5k), including 330 utterances
in total from other 8 speakers. Feature extraction uses the stan-
dard 39 dimensional vector, including 12 Mel-frequency cep-
stral coefficients (MFCCs) and normalized energy, along with
their delta and acceleration coefficients. In our baseline model,
we use HTK tools [9] to build a crossword tri-phone HMMs
with a total number of 2,774 tied-states and each tied state has 8
Gaussian components. A standard trigram language model has
been used for test. The maximum likelihood estimation (MLE)
baseline system achieves 95.35% in word accuracy, which is
comparable with other systems reported in the same task.

Next, we use the above MLE models as the seed model to
conduct the MMIE training based on word graphs. The word
graphs are generated for all training data using the MLE models
based on a uni-gram LM trained from all training transcripts.
The proposed SOCP method has been evaluated and compared
with the standard EBW algorithm, which is implemented using
HTK [9]. All the parameters related to the EBWmethod are set
to the default values suggested in HTK. In the EBWmethod, the
learning constantE was set to 2, i-smoothing τ = 100, acoustic
scale factor k = 1/15. In the SOCP method, Problem 2 is
solved by a commercial SOCP optimization tool, i.e. MOSEK
4.0 [6], running under Matlab.

5.1. Effects of various searching ranges

In the proposed SOCP method, in each iteration, SOCP is per-
formed under a locality constraint, which is quantitatively de-
fined by the search range parameter ρ in eq.(23). In this exper-
iment, we have tested effects of using the different values for
the search range. In the results shown in Fig. 1, results using
ρ = 0.02, 0.005, 0.003, 0.001 are reported.

From Fig.1, we can see that the searching range is indeed
a critical parameter which largely affects performance of the
SOCP optimization. A suitable search range is required for
SOCP to converge quickly to an optimal solution. An unsuit-
able search range, either less or larger, will cause the system
to converge lowly (e.g. r = 0.001, 0.003) or fluctuate (like
r = 0.02), which may affect the stability of learning process.
A search range around 0.005 has been found ideal for this task
and it is used for the following experiments.
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Figure 1: Effect of searching range ρ on test performance.
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Figure 2: Effect of pruning factor on performance.

5.2. Experiments on parameter pruning

As we know, the resources (CPU time and memory) needed to
solve an SOCP problem is proportional to the SOCP problem
size, such as number of free variables and independent con-
straints. To accelerate SOCP training, in this experiment, we
consider to reduce number of free parameters by pruning out
some Gaussian mean vectors which have small overall posterior
probability. After pruning out these small and noise-like coeffi-
cients from SOCP optimization, we can not only improve train-
ing efficiency but also observe some extra performance gain. In
the experiment shown in Fig. 2, we have tested three pruning
thresholds: 0 (no pruning), 0.1 (approximately 5% parameters
pruned) and 5.0 (20% parameters pruned).

From the results in Fig.2, we can see that the pruning strat-
egy is quite effective in terms of both optimization efficiency
and recognition accuracy. After about 5% of quite noisy co-
efficients are pruned out, recognition accuracy is largely im-
proved, from about 95.65% to 95.85%. After we further in-
crease the pruning threshold, recognition accuracy can be fur-
ther improved to about 95.92%.

5.3. Comparison of SOCP with EBW

In the last experiment, we mainly compare the performance of
the proposed SOCP method with the standard EBW method.
The searching range parameter used in this experiment for
SOCP is ρ = 0.005 and the pruning threshold f = 5.0. All
the other configurations, such as lattice generation, are kept the
exactly same in both EBW and SOCP for the sake of compari-
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Figure 3: Performance comparison: EBW vs. SOCP

son.
It is shown in Fig. 3 that the performance of the pro-

posed SOCP method significantly outperforms the standard
EBW method on the test performance, in terms of convergence
rate as well as final recognition performance.

6. Conclusions
In this work, we have used SOCP to solve MMIE-based
discriminative training in large vocabulary continuous speech
recognition. Experimental results on the WSJ-5k task have
shown that that the proposed SOCP approach is significantly
better than the standard EBWmethod. As our next step, we will
continue to explore SOCP-based convex optimization methods
for other discriminative training criteria, such as large margin
estimation.
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