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Abstract
Kernel logistic regression (KLR) is a popular non-linear classi-
fication technique. Unlike an empirical risk minimization ap-
proach such as employed by Support Vector Machines (SVMs),
KLR yields probabilistic outcomes based on a maximum like-
lihood argument which are particularly important in speech
recognition. Different from other KLR implementations we use
a Nyström approximation to solve large scale problems with es-
timation in the primal space such as done in fixed-size Least
Squares Support Vector Machines (LS-SVMs). In the speech
experiments it is investigated how a natural KLR extension to
multi-class classification compares to binary KLR models cou-
pled via a one-versus-one coding scheme. Moreover, a compar-
ison to SVMs is made.
Index Terms: phoneme classification, kernel logistic regres-
sion, large-scale, multi-class

1. Introduction
To tackle the task of phoneme classification we choose a Lo-
gistic Regression (LR) and Kernel Logistic Regression (KLR)
approach. Hidden Markov models (HMMs) [16] are the state-
of-the-art technique for current automatic speech recognition
(ASR) systems. It is widely recognized that estimating the
HMM parameters via a maximum likelihood criterion does not
directly optimize the classification performance of the mod-
els. It is therefore of interest to develop alternative meth-
ods which infer the parameters by discriminative measures of
performance. Several techniques were presented for the task
of phoneme recognition such as Linear Discriminant Analysis
(LDA) (e.g., [1]), Multi-Layer Perceptrons (MLPs) (e.g., [17]),
Hidden Conditional Random Fields (HCRFs) (e.g., [13]), Sup-
port Vector Machines (SVMs) (e.g., [18]), KLR (e.g., [15]).
Although SVMs have shown promising results for phoneme
recognition, the choice for a LR or KLR approach over an em-
pirical risk minimization approach such as SVM, is that the for-
mer yields probabilistic outcomes based on a maximum likeli-
hood argument instead of a binary decision. KLR has an ad-
ditional advantage that the extension to the multi-class case is
well described, which must be contrasted to the commonly used
coding approach (see e.g., [6],[5]). Obtaining phoneme proba-
bilities offers ample perspective for integration of this work in
an ASR system.

Unlike SVMs, KLR by its nature is not sparse and needs
all training samples in its final model. Different adaptations
to the original algorithm were performed to obtain sparseness
such as in [6]. In this paper we employ a different practical
technique, suited for large data sets, based on fixed-size Least
Squares Support Vector Machines (LS-SVMs) [5], which we

can use because KLR is related to a weighted version of LS-
SVMs [12].

Our experiments are performed on the TIMIT data set,
where we compare two different multi-class KLR implementa-
tions against binary SVM classifiers combined via a one-versus-
one coding scheme.

This paper is organized as follows. In Section 2 we give
an introduction to logistic regression. Section 3 describes the
extension to kernel logistic regression. A fixed-size implemen-
tation is given in Section 4. Section 5 describes extension to
multi-class KLR and Section 6 reports numerical results on the
TIMIT speech data set. Finally we conclude in Section 7.

2. Logistic regression

After introducing some notations, we recall the principles of lo-
gistic regression. Suppose we have a binary classification prob-
lem with a training set {(xi, yi)}Ni=1 ⊂ Rd × {−1, 1} with N
samples, where input samples xi are i.i.d. from an unknown
probability distribution over the random vectors (X,Y). We de-
fine the first element of xi to be 1, so that we can incorporate the
intercept term in the parameter vector w. The goal is to find a
classification rule from the training data, such that when given
a new input x∗, we can assign a class label to it. In logistic
regression the conditional class probabilities are estimated via
logit stochastic models

⎧
⎨
⎩

Pr(Y = −1 | X = x;w) = exp(wT x)

1+exp(wT x)

Pr(Y = 1 | X = x;w) = 1
1+exp(wT x)

,
(1)

The class membership of a new point x∗ can be given by the
classification rule which is

argmax
c∈{−1,1}

Pr(Y = c|X = x∗;w). (2)

The common method to infer the parameters of the differ-
ent models is via the use of penalized negative log likelihood
(PNLL)

minw �(w) =

− ln
(∏N

i=1 Pr(Y = yi|X = xi;w)
)
+ ν

2
wTw,

(3)

where the regularization parameter ν must be set such that
the parameters in w stay small in order to obtain a good bias-
variance trade-off and avoid overfitting.

We derive the objective function for LR by combining (1)
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with (3) which gives

�LR(w) =
∑

i∈D1

ln
exp(wTxi)

1 + exp(wTxi)
+

∑

i∈D2

ln
1

1 + exp(wTxi)
+

ν

2
wTw,

(4)
where D = {(xi, yi)}Ni=1, D = D1 ∪ D2, D1 ∩ D2 = ∅ and
yi = c, ∀xi ∈ Dc. In the sequel we use the shorthand notation

pc,i = Pr(Y = c|X = xi;w). (5)

This PNLL criterion for LR is known to possess a number of
useful properties such as the fact that it is convex in the param-
eters w, smooth and has asymptotic optimality properties.

Until now we have defined a model and an objective func-
tion which has to be optimized to fit the parameters on the ob-
served data. Most often this optimization is performed by a
Newton based strategy where the solution can be found by iter-
ating

w(k) = w(k−1) + s(k), (6)

over k until convergence. The minimization in this case is
equivalent to an iteratively regularized re-weighted least squares
problem (IRRLS) (e.g. [6]) which can be written as

min
s(k)

1
2
||Xs(k) − z(k)||2

W (k) + (7)

ν
2
(s(k) + w(k−1))T (s(k) + w(k−1)),

where
z(k) = (W (k))−1q. (8)

where we define X = [x1; ...;xN ],gi = p1,i(1 − p1,i), W =
diag([g1; ...; gN ]), qi = (pyi,i − 1)yi and q = [q1; ...; qN ].

3. Kernel logistic regression

In this section we define the minimization problem for the
kernel version of logistic regression. This result is based on
an optimization argument as opposed to the use of an appro-
priate Representer Theorem [7]. The LR model as defined
in (1) can be advanced with a nonlinear extension to kernel
machines where the inputs x are mapped to a high dimen-
sional space. Define Φ ∈ RN×dϕ as X where xi is re-
placed by ϕ(xi) and where ϕ : Rd → Rdϕ denotes the fea-
ture map induced by a positive definite kernel. With the ap-
plication of the Mercer’s theorem for the kernel matrix Ω as
Ωij = K(xi, xj) = ϕ(xi)

Tϕ(xj), i, j = 1, . . . , N , it is
not required to compute explicitly the nonlinear mapping ϕ(·)
as this is done implicitly through the use of positive kernel
functions K. For K there are usually the following choices:
K(xi, xj) = xT

i xj (linear kernel); K(xi, xj) = (xT
i xj + h)b

(polynomial of degree b, with h ≥ 0 a tuning parameter);
K(xi, xj) = exp(−||xi − xj ||22/σ2) (radial basis function,
RBF), where σ is a tuning parameter. In KLR the models are
defined as

⎧
⎨
⎩

Pr(Y = −1 | X = x;w) = exp(wTϕ(x))

1+exp(wTϕ(x))

Pr(Y = 1 | X = x;w) = 1
1+exp(wTϕ(x))

,
(9)

Starting from (8) we include a feature map and introduce the
error variable e, this results in

min
s(k),e(k)

1

2
e(k)

T
W (k)e(k) +

ν

2
(s(k) + w(k−1))T (s(k) + w(k−1))

such that z(k) = Φs(k) + e(k),
(10)

which in the context of LS-SVMs is called the primal problem.
In its dual formulation the solution to this optimization problem
can be found by iteratively solving a linear system.

(
1

ν
Ω+W (k)−1

)
α(k) = z(k) +Ωα(k−1), (11)

where z(k) is defined as in (8). The probabilities of a new
point x∗ can be predicted using (9) where wTϕ(x∗) =
1
ν

∑N
i=1 αiK(xi, x∗). The proof can be found in [12].

4. Kernel logistic regression: a fixed-size
implementation

4.1. Nyström approximation

In the previous paragraph we stated a primal and a dual formu-
lation of the optimization problem. Suppose one takes a finite
dimensional feature map (e.g. a linear kernel), then one can
equally well solve the primal as the dual problem. In fact, solv-
ing the primal problem is more advantageous for larger data sets
because the dimension of the unknowns w ∈ Rd compared to
α ∈ RN . In order to work in the primal space using a kernel
function other than the linear one, it is required to compute an
explicit approximation of the nonlinear mapping ϕ. This leads
to a sparse representation of the model when estimating in pri-
mal space.

Explicit expressions for ϕ can be obtained by means
of an eigenvalue decomposition of the kernel matrix Ω
with entries K(xi, xj). Given the integral equation∫
K(x, xj)φi(x)p(x)dx = λiφi(xj), with solutions λi and

φi for a variable x with probability density p(x), we can write

ϕ = [
√
λ1φ1,

√
λ2φ2, . . . ,

√
λdϕφdϕ ]. (12)

Given the data set, it is possible to approximate the integral
by a sample average. This will lead to the eigenvalue problem
(Nyström approximation [8])

1

N

N∑

l=1

K(xl, xj)ui(xl) = λ
(s)
i ui(xj), (13)

where the eigenvalues λi and eigenfunctions φi from the contin-
uous problem can be approximated by the sample eigenvalues
λ
(s)
i and the eigenvectors ui ∈ RN as

λ̂i =
1

N
λ
(s)
i , φ̂i =

√
Nui. (14)

Based on this approximation, it is possible to compute the
eigendecomposition of the kernel matrix Ω and use its eigenval-
ues and eigenvectors to compute the i-th required component of
ϕ̂(x) simply by applying (12) if x is a training point, or for any
new point x∗ by means of

ϕ̂(x∗) =
1

√
λ
(s)

i

N∑

j=1

ujiK(xj , x∗). (15)
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4.2. Sparseness and large scale problems

Until now the entire training sample of size N to compute the
approximation of ϕ will yield at most N components, each one
of which can be computed by (14) for all x, where x is a row
of X . However, if we have a large scale problem, it has been
motivated [5] to use a subsample of M 
 N data points to
compute the ϕ̂. In this case, up to M components, which are
called support vectors, will be computed. External criteria such
as entropy maximization can be applied for an optimal selection
of the subsample: given a fixed-size M , the aim is to select the
support vectors that maximize the quadratic Renyi entropy [9]

HR = − ln

∫
p(x)2dx, (16)

which can be approximated by using
∫
p̂(x)2dx =

1
M2

∑M
i=1

∑M
j=1 Ωij . The use of this active selection proce-

dure can be important for large scale problems, as it is related to
the underlying density distribution of the sample. In this sense,
the optimality of this selection is related to the final accuracy
of the model. This finite dimensional approximation ϕ̂(x) can
be used in the primal problem (10) to estimate w with a sparse
representation [5].

5. Multi-class kernel logistic regression

Kernel logistic regression can be naturally extended to a multi-
class version. Suppose we have a multi-class problem with C
classes (C ≥ 2) with a training set {(xi, yi)}Ni=1 ⊂ Rd ×
{1, 2, ..., C} with N samples, where input samples xi are i.i.d.
from an unknown probability distribution over the random vec-
tors (X,Y). In multi-class KLR the conditional class probabili-
ties can be written by
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Pr(Y = 1 | X = x;w1, ..., wm) =
exp(wT

1 ϕ(x))

1+
∑m

c=1 exp(wT
c ϕ(x))

Pr(Y = 2 | X = x;w1, ..., wm) =
exp(wT

2 ϕ(x))

1+
∑m

c=1 exp(wT
c ϕ(x))

...
Pr(Y = C | X = x;w1, ..., wm) = 1

1+
∑m

c=1 exp(wT
c ϕ(x))

.

(17)
where m = C − 1. Deriving this multi-class implementa-

tion results in one large learning problem without the use of
a coding scheme. Other possible multi-class implementations
can be built by combining several independent binary classi-
fiers via a common coding scheme approach, e.g. one-versus-
one and one-versus-all. When using one-versus-all one has to
optimize C different smaller learning problems compared to
one-versus-one where C(C − 1)/2 small models have to be
optimized. In [18] one-versus-one coding schemes resulted in
better classification accuracies than one-versus-all we therefore
chose to compare the natural extension of multi-class KLR to
one-versus-one KLR. To obtain probabilities when using a one-
versus-one coding scheme we use method 3 described in [3].
The resulting pairwise probabilities μij = Pr(Y = i|Y =
i or Y = j,X = x) are transformed to the a posteriori prob-
ability by

Pr(Y = i|X = x) = 1/

⎛
⎝

C∑

j=1,j �=i

1

μij
− (C − 2)

⎞
⎠ . (18)

The probability outcomes in (18) are normalized so that they
sum to one for each evaluation.

6. Experiments
To test the performance of KLR we used the TIMIT database
[14]. Training was performed on the ’sx’ and ’si’ training sen-
tences. These create a training set with 3, 696 utterances from
168 different speakers. For testing we chose the full test set.
It consists of 1, 344 utterances from 168 different speakers not
included in the training set. All utterances contain labels indi-
cating the phoneme identity and the starting and ending time of
each phoneme. The standard Kai-Fu Lee clustering [16] was
used, resulting in a set of 39 phonemes.

A key problem with conducting classification experiments
with the TIMIT database is that the segments that we are seek-
ing to classify are not of a uniform length. In order to use
the machine learning techniques such as K-Nearest Neighbors
(KNN)[4], Linear Discriminant Analysis (LDA) [1], SVM and
KLR we must encode the waveform information in a fixed-
length vector. We chose the same simple method of encod-
ing the variable length segment information in a vector of fixed
length as in [18]. We converted the utterances from their wave-
form representation into a sequence of 36 dimensional observa-
tion vectors. These observation vectors were obtained by means
of mutual information based discriminant linear transformation
[19] on 24 MEL spectra and their first and second order time
derivatives. Each phoneme segment was broken into three re-
gions in the ratio 3-4-3. The 36 dimensional vectors belonging
to each of these regions were averaged resulting in three 36 di-
mensional vectors. In addition, the 36 dimensional vectors be-
longing to a window region centered at the start of the phonetic
segments and with a 50 ms width were averaged, resulting in
another 36 dimensional vector. The same was done for a win-
dow centered at the end of the segment. One additional feature
indicating the log-duration of the phoneme segment was added.
This resulted in a 142, 910 train vectors and 51, 681 test vectors
with 181 dimensions.

We used a small part of the train set for tuning purposes.
After tuning we used the full train set to train the algorithm.
The phonetic classification accuracies on the full test set using
different classifiers are shown in Table 1.

The SVM experiments are performed with the LIBSVM
toolbox [10]. The binary SVM probability outputs are obtained
after mapping the SVM distance outputs to a sigmoid function,
described in [11]. Via a pairwise one-versus-one coding scheme
the binary outcomes are combined using the second approach as
described in [3]. Our result SVM results using an RBF-kernel
is much higher than 76.3% as reported in [18]. In comparison
to SVM classification with a voting strategy, where each binary
classification is considered to be a voting and a data point is
designated to be in a class with maximum votes, we noticed
that because of the SVM probability estimate the accuracy in-
creases from 82.2% to 82.9%. For the fixed-size multi-class
KLR experiments without coding scheme we used an alternated
descent version of Newton’s method [12] to make it possible to
set M = 1, 000. In our theoretical explanation (17) each class
model has the same feature map ϕ, this results in m models
with 1, 000 support vectors. Although, certainly not optimal we
have tried to incorporate more information in the model with-
out increasing the computational complexity by using a differ-
ent ϕ for each logit model by choosing half of the support vec-
tors randomly from the model class and the rest we choose ran-
domly out of all other classes. The one-versus-one multi-class
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Table 1: Classification accuracies on the TIMIT full test set
for different algorithms. The column acc gives the percent-
age of correctly classified phoneme segments. The percentages
in the 10-best column are equal to the proportion of estimated
phonemes for which the correct class was one of the 10 most
probable classes. The acronym oVso stands for one-versus-one
coding scheme. RBF indicates that an RBF kernel was used and
LIN stands for linear kernel.

alg acc(%) 10-best(%)
SVM (RBF) 82.9 99.8

KLR oVso (RBF) 78.1 99.6
KLR (RBF) 76.3 99.6
SVM (LIN) 76.1 99.6

LR oVso 74.9 99.5
LR 72.8 99.2

KNN (k=1) 67.8 x
LDA 66.5 98.1

KLR approach is used as described in Section 5. Using this
coding scheme results in 741 small models, where each model
has 1, 000 support vectors. A possible explanation is that this
approach gives better results than using the natural multi-class
extension, were we have only 38 models with 1, 000 support
vectors. As a consequence the model evaluation for new obser-
vations takes less long to compute than in the case of using a
one-versus-one coding scheme.

Although the KLR results are not as good as those obtained
with an accurately tuned SVM implementation, they are com-
parable with results we obtained when conducting an HMM ex-
periment where we used context independent acoustical models
with 2 to 4 states per phoneme with in total 5, 550 Gaussians
(average 124/state). The same 36 dimensional observation vec-
tors were used as in the other experiments. Using an unigram
model we obtained 78.4% on the full test set.

7. Conclusions
In this paper we applied a fixed-size algorithm for multi-class
KLR models on the TIMIT speech data set. We showed that
the performance in terms of correct classifications on this data
is comparable to that of HMMs in combination with Gaussian
mixture models. In the future we will investigate whether or
not corrections for class imbalance, another support vector se-
lection technique instead of random selection and a different
coupling of coding scheme probabilities will improve the multi-
class KLR classification accuracies.
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