
Speech Recognition with a Generative Factor Analyzed Hidden Markov Model

Kaisheng Yao�, Kuldip K. Paliwal� and Te-Won Lee�

�Institute for Neural Computation, University of California at San Diego
�School of Microelectronic Engineering, Griffith University, Australia

kyao@ucsd.edu k.paliwal@griffith.edu.au tewon@ucsd.edu

Abstract

We present a generative factor analyzed hidden Markov model
(GFA-HMM) for automatic speech recognition. In a traditional
HMM, the observation vectors are represented by mixture of Gaus-
sians (MoG) that are dependent on discrete-valued hidden state
sequence. The GFA-HMM introduces a hierarchy of continuous-
valued latent representation of observation vectors, where latent
vectors in one level are acoustic-unit dependent and the latent vec-
tors in a higher level are acoustic-unit independent. An expecta-
tion maximization (EM) algorithm is derived for maximum like-
lihood parameter estimation of the model. The GFA-HMM can
achieve a much more compact representation of the intra-frame
statistics of observation vectors than traditional HMM. We con-
ducted an experiment to show that the GFA-HMM can achieve
better performances over traditional HMM with the same amount
of training data but much smaller number of model parameters.

1. Introduction
In the automatic speech recognition (ASR) problem, one is pre-
sented with multi-dimensional data with � dimension where it is
assumed that the data is generated from acoustic sources that are
modeled as discrete state � in a hidden Markov model (HMM).
The transition of the states is assumed to encode the transition
of the speech unit and the content of the uttered speech can be
inferred by the well-known Viterbi algorithm. The task in speech
modeling for ASR within the HMM framework is to obtain a com-
pact and accurate model of the observations. However, this is a
hard problem, since the observation vector is high dimensional
and the elements in the observation vector contain second as well
as higher order statistical information. Traditional approaches in
modeling speech observations in an HMM make use of mixture
of Gaussians (MoG) with usually a diagonal covariance matrix in
each state, which implicitly models the intra-frame correlations.

Despite its pattern recognition appearance, the speech model
in an HMM can be viewed in statistics as a latent representation.
In particular, the discrete state � is the discrete latent represen-
tation of the speech unit and the discrete Gaussian index � in
the MoG is the discrete latent representation of the density in that
state. In this context, it is therefore natural to describe the � di-
mensional observation vector ���� at time � as correlated in terms
of a smaller set of � dimensional continuous-valued latent vec-
tor ����. In this case, the most straightforward description of the
continuous-valued latent representation of ���� is given by the fol-
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where ����� denotes the 	-th element in vector ���� at time �.
The ����� depends on linear combination of elements in ���� with
matrix � � ��������. The density of ���� is also related to
the � -dimensional noise ���� with element �����. Note that the
problem in Eq. (1) is general, since without certain constraints
imposed on the model, the solution is non-trivial.

With appropriate constraint on ����� and �����, continuous-
valued latent representation can be useful for modeling speech in
a compact way. In [1], ���� is distributed as ��������� ��, which
explicitly model the correlations of elements in observation vec-
tors. To model higher order statistics of the observation vectors
explicitly, the latent vector ���� has to be non-Gaussian.

In this paper, we present a novel speech model for automatic
speech recognition. The key to our approach lies in the intro-
duction of a hierarchical continuous-valued latent representation.
Observation vector ���� is correlated with an acoustic unit de-
pendent continuous-valued latent vector ���� whose density is de-
pendent on the state ���� at time �. Since elements in vector
���� depend on the same acoustic unit, the elements have correla-
tions. The correlations can be compactly represented by another
continuous-valued latent representation ����, which is indepen-
dent of the acoustic unit. In this paper, the ���� is distributed as
a standard Gaussian ��������� ��. Noise in the observation vec-
tor ���� is modeled as a MoG and it depends on the state ���� at
time �. This model is called a generative factor analyzed HMM
(GFA-HMM), described schematically in Figure 1. The model
gives a more compact representation of intra-frame statistics than
the traditional HMM, and it shows improved performances over
traditional HMM given the same amount of training data.

In the context of speech recognition, the originality of this
new model can be viewed from the following point. Compared
to the traditional HMM, which represents observation vectors as
dependent solely on discrete states/mixtures, the GFA-HMM has
another continuous-valued latent representation of the observation
vectors. The latent vector in the continuous-valued latent repre-
sentation can be simply modeled by a standard diagonal Gaussian
��������� ��, which reduces the model to HMMs with factorized
covariance matrix [1]. When the continuous-valued latent vector
���� are distributed as MoG, the model reduces to factor-analyzed
HMM (FA-HMM) proposed in [2].
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Figure 1: Graphical model of the generative factor analyzed HMM
(GFA-HMM). Round circle and rectangular square each denotes
continuous- and discrete-valued node. Shaded nodes denote ob-
servations. ���� � ��� � � � � �� denotes discrete state at time �.
��� � � ������ � � � � ����� ��� � ��� � � � � � � � � ��� �� is the discrete
state sequence with first-order state transition probability ��� from
state � to state �, which accounts for transition of speech units.
���� and 	��� are mixture component indexes for ���� and ����,
respectively.

2. Generative factor analyzed HMM
GFA-HMM is a generative model for speech modeling. Figure 1
shows the graphical model of the GFA-HMM. Round circle and
rectangular square each denotes continuous- and discrete-valued
node. Shaded nodes denote observations. ���� � ��� � � � � ��
denotes discrete state at time �. ��� � � ������ � � � � ����� ��� �
��� � � � � � � � � ��� �� is the discrete state sequence with first-order
state transition probability ��� from state � to state �, which ac-
counts for transition of speech units. Two continuous-valued nodes,
���� and ����, are dependent on the discrete state sequence, whereas
���� is independent of the discrete state sequence.

The continuous-valued nodes, ����, ����, and ���� are hierar-
chical. In the language of generative model, vector ���� is gener-
ated from ���� through factor analysis (FA) by a state-dependent
loading matrix �� � 
��� at state �, i.e.,

���� � ������� � ��������� �� (2)

���� � ������ � ����� (3)

where vector ����� denotes noise in vector ����. The noise is mod-
eled by mixture of Gaussians ��������� 
�� ����������������

�
, with

component weight ��� . ��� is diagonal. ��
� denotes number of

the mixture components in state � for conditional density of ����
given ����.

The marginal density of ���� given state � and mixture com-
ponent � is mixture of Gaussians, i.e.,

���� � ������� (4)
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The covariance matrix of the marginal density of ���� in each
component � is factored as a diagonal matrix��� and a full matrix
���

�
� . Thus, Eq. (2) and Eq. (3) represent state-dependent fac-

tor analysis of ����, which models the covariance matrix of ����
in an explicit and compact way. Furthermore, since � is the state

in HMM, ���� can be considered as generated from an HMM with
factorized covariance matrix [1], i.e.,

���� ������
	�� (5)

The latent representation for observation ���� is thus given as,

���� ������
	�� (6)

���� � ������ � ����� (7)

where the observation noise ����� is distributed according to MoG
�����������
�	�
��
��������

�

�
with mixture weight ��
. ��

�

is the number of mixture components in state � for conditional
density of ���� given ����. 	�
 is diagonal with ���
� for ele-
ment ��� ��. Value of ���
� is not restricted to be the same for
�� � ��� � � � � ��. �� is state-dependent loading matrix with
dimension of � � �.

By Eq. (6) and Eq. (7), the conditional density of ���� given
���� in state � and observation component 	 is Gaussian, i.e.,

������������ ��	� � ���������
 ��������	�
� (8)

Marginalizing the conditional density with respect to ���� can ob-
tain the density of ���� at state � in component 	 and �, i.e.,

���������	� �� � (9)
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 ���
�� �	�
 ������� ����
�
� ��
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� �

Further marginalizing can obtain ���������	� and ���������, which
are respectively given as,
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With Eq. (11) at hand, the likelihood of GFA-HMM for input
sequence ��� � � ������ � � � ���� �� can be calculated given a
state sequence ��� � � ������ � � � � ����� � � � � ��� ��, i.e.,

����� ����� �� �

��


��

������������ (12)

The Viterbi process is normally applied to obtain the state se-
quence having the largest posterior probability,

���� � � ��	
��
��� �

����� ����� ������� �� (13)

where ����� �� �
��


��
���
�����
�.

Since the observation vector ���� is generated from����, which
has correlations between elements in����modeled by state depen-
dent factor analysis, we denote the model as whole, i.e., Eq. (2) to
Eq. (7), as generative factor-analyzed HMM (GFA-HMM).

The model is a generalization of several generative models for
speech recognition. When the dimension of ���� is zero, the model
is the FA-HMM [2]. Further constraints on ���� to be distributed
as ��������� �� results in the HMM with factorized covariance
matrix [1]. Constraints on elements of ���� to be distributed as
MoGs and independent of each other can give IFA [3]. Traditional
HMM can be obtained by setting dimension of ���� to be zero.



Note that the model is not only dynamic but also non-linear.
It is dynamic, because the latent representation is dependent on
state in HMM. It is non-linear, because, as shown in Eq. (3), the
densities of noise ����� in the continuous-valued latent vector ����
are mixture of Gaussians with diagonal covariance matrix ���

that might be different for each �.
Remark on the number of free parameters: Referring to

Figure 1, the number of free parameters (NoFP) in GFA-HMM
can be calculated separately for each of the latent representations.
In particular, for Eq. (3), NoFP is ��������������,
where �� � ������

� � � � 	� � � � � ��. For Eq. (7), NoFP is
� �	 � �� �� � ��� �	 , where �� � ������

� � � �
	� � � � � ��. As a whole, the NoFP for GFA-HMM is given as,

	
��������� � �������	���������������	�

Note that the traditional HMM has NoFP as �������	 .
The seemingly more complex formula of NoFP for GFA-HMM
does not mean that the GFA-HMM requires more free parame-
ters to achieve a performance comparable to traditional HMM. On
the contrary, a fair comparison should be based on the compa-
rable number of free parameters. The GFA-HMM imposes ex-
plicit continuous-valued latent representation of observation vec-
tors, which lack in traditional HMMs. This structural information
may make GFA-HMM be more compact over traditional HMM in
the sense that the GFA-HMM can achieve better performance than
traditional HMM with the number of free parameters that is less
than in the traditional HMM. We will verify this statement through
experiments in Section 4.

3. Maximum likelihood parameter estimation
of the GFA-HMM

Fig. 1 has shown that the only observable variable is ����. Other
variables are hidden. EM algorithm is applied to derive maxi-
mum likelihood estimation of the GFA-HMM parameters, which
are collectively denoted by


 � �
�	���� ��� � ��� ���� ��� � ��
� ��
���
� (14)

The estimation process is iterated between calculation of pos-
terior statistics and updating of parameters.

3.1. Posterior statistics

Traditional HMM has a discrete-valued latent representation of
observations, i.e., state � and Gaussian mixture index �. The
GFA-HMM also has a hierarchy of continuous-valued latent rep-
resentation by ���� and ����. Accordingly, posterior statistics are
calculated on both discrete and continuous latent variables.

Estimation formulae for posterior statistics of discrete sequences
��� �, ��� � and ��� � are similar to the traditional HMM. De-
note the posterior probability of being in state � at time � given ob-
servation sequence ��� � and model parameter 
, ������� ��
�,
as �����. With the likelihood in Eq. (11), it can be obtained by the
forward-backward algorithm as in traditional HMM, i.e.,

����� �
������������

���
����������

(15)

where ����� � �����	�� � � � ������� ���� � ��
� accounts for the
probability of the partial observation sequence ���	�� � � � ������
and state � at time � given model parameter 
, while ����� �

�������	�� � � � ���� ������� � ��
� is the probability of the par-
tial observation sequence ���� � 	�� � � � ���� �� given state � at
time � and model parameter 
. The above formula is similar for
��
���� and ��
���.

Regarding the posterior distribution of the continuous-valued
latent vector ���� given observation ����, state �, mixture � and
� at time �, by Bayes rule, it is given as,

������������ ���� ��
� �
������������ ����
���������� ��
�

����������� ��
�

As shown in Eq. (4), Eq. (8) and Eq. (9), each component in
the right side of the above equation is Gaussian. Accordingly,
the posterior distribution is Gaussian as well. It can be verified
that the posterior distribution, ������������ ���� ��
�, is given
as 	���������
������

�
�
��, where,
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 as ��
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 . Then, the posterior mean vector ���
���
and covariance matrix��

�
��� are respectively given as ���
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�
���� ����

�
���
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and ��
�
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. These

estimation formulae are similar for the posterior mean vector ��� ���
and the posterior covariance matrix��

� ���.
The posterior statistics of ���� is 	���������
������

�
������,

where,
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Denote �����������
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as��
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3.2. Parameter estimation

The parameters in Eq. (7) are updated by
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The parameters in Eq. (3) can be updated by
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In addition to the above parameters, the weights of the compo-

nents	 and 
 can be found by ���� �
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4. Experimental results
We compared the proposed GFA-HMM with the traditional HMM
by performing experiments on a subset of Aurora 2 database. Fea-
tures for recognition were 39-dimensional MFCC plus C0 and its
first- and second-order coefficients. That is 
 � �	. One thou-
sand utterances 1 from the clean training set of the database were
used for training acoustic models. Testing was conducted with
1,000 clean utterances from the testing set of the database.

Acoustic models were trained by EM algorithm with six iter-
ations. Number of states, �, was eight for digit models and one
for silence model.

Given the fixed number of state, traditional HMM could only
adjust the number of mixture components ��

� . Accordingly, the
number of free parameters (NoFP) for a model was � � �

� �
��

� . The structure of GFA-HMM is flexible. In this work, we
set ��

� � �. This reduced GFA-HMM to a model with only one
observation mixture. Therefore, if any performance improvement
over traditional HMM can be observed, much of the gain should
be attributed to the introduction of the continuous-valued latent
representation. For the configuration of the latent representation,
the dimension of ����, �, was set to one. The model parameters
��� � ��� � ��� ����� were shared among states in the word level.
We varied the number of mixture components for 
���, ��

� , and
the dimension of vector ����, �. For this configuration, the GFA-
HMM has NoFP as � � �

� � �
 � ��� �� �
� �����

� .
Mixture components were incrementally obtained by mixture

splitting, which repeatedly splits the mixture with the largest weight
until the desired number of components is obtained. In the train-
ing stage, variance of elements in noise vectors ����� and �����
were floored to 1.0 and 0.001, respectively.

4.1. Results

Performances by traditional HMM and the GFA-HMM are shown
in Table 1. Varying number of mixture components ��

� can change
recognition word accuracy (W.A.). In particular, the highest W.A.
for traditional HMM was attained to 88.96% with ��

� � �.
The GFA-HMM can achieve higher recognition accuracy over

traditional HMM with the same amount of training data. For ex-
ample, word accuracy increased consistently by increasing mix-
ture component ��

� while keeping � � �. The highest W.A.

1We limited number of training utterances to 1000, which was less than
the standard number, 8440, of training utterances in Aurora 2 database, in
order to show the efficacy of the method.

Table 1: For the given test set, we compare the performance be-
tween traditional HMM and the GFA-HMM in terms of the num-
ber of free parameters (NoFP) for one digit model and word accu-
racy (W.A. in %).

� ��
� 1 2 3 4

Traditional 0 NoFP 624 1248 1872 2496
HMM W.A. 88.48 88.64 88.96 88.96

��
� 1 2 3 4

GFA-HMM 1 NoFP 666 668 670 672
(��

� � �, W.A. 88.80 89.73 90.30 90.93
� � �) 2 NoFP 708 712 716 720

W.A. 86.44 89.09 89.73 89.66

was 90.93% by setting � � � and ��
� � �. This is compared

to the highest W.A. achieved by traditional HMM, leading to a
relative error rate reduction of 18%. Moreover, the NoFPs could
be much lower than those by traditional HMMs. For example, in
the situation where the highest word accuracies were achieved by
traditional HMM and GFA-HMM, the NoFP for GFA-HMM was
672, whereas the NoFP for traditional HMM was 2496.

As shown in Table 1, increasing the dimension of latent vec-
tor ����,�, did not result in improvement of recognition accuracy.
This comes from the flooring scheme used in the experiments. The
variances of elements in noise vector ����� in the latent vector ����
were floored to 1.0. Increasing dimension � of the latent vector
may result in a more noisy model if the underling generative pro-
cess of the observations are different from the structure of GFA-
HMM specified for experiments. However, the GFA-HMM still
outperformed traditional HMM in the situation of � � 
. For ex-
ample, the GFA-HMM achieved 89.66% W.A. when ��

� � �, a
relative error rate reduction of 6% over the highest W.A. achieved
by traditional HMM.

5. Discussions and Summary
The proposed generative factor analyzed HMM (GFA-HMM) in-
corporates a discrete latent representation, as the traditional HMM,
and a hierarchical continuous-valued latent representation. This
representation may achieve compact representation of statistics of
acoustic vectors. We plan to apply this model to other speech
recognition tasks.
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