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ABSTRACT

Currently the error-rate is the most widely used general
measure of performance for identification experiments.
However, the error-rate gives no information about the
distribution of errors over the available response
categories. Starting from the definition of perplexity of
the observations in a confusion matrix, a new measure is
introduced, the error-dispersion, that is normalized with
respect to error-rate. The error-dispersion can be
interpreted as the effective number of error categories
per stimulus or response. Furthermore, a technique is
introduced to estimate the difference between confusion
matrices as a fraction of unique observations or errors.
With examples from the literature, it is shown that error-
dispersion can point out similarities in cases where error-
rate varies, and can point out differences when error-
rates are similar.

1. INTRODUCTION

Frror-rates are generally used to summarize the results of
speech identification and classification experiments.
Contrary to what its name suggests, the error-rate is not
so much about errors, but more about correct responses.
Although there generally is only one single correct
response to a stimulus, there can be many incorrect
responses. The way the errors are distributed cannot be
read from the error rate. For many purposes, it makes a
lot of difference which of the potential errors are realized
in an experiment, and how often.

In general, the results of an identification or
classification experiment can be summarized with one or
more confusion matrices. This paper will be concerned
with two questions regarding confusion matrices: first,
how can the distribution of errors be quantified in a
meaningful manner, and second, how can the differences
between the error-distributions of different confusion
matrices be quantified?

A confusion matrix summarizes the relation between
stimuli and responses. Such associations are generally
expressed in terms of entropies or measures derived from
entropy (cf. {1], [2], [3], [4])). The use of the entropy has
one serious drawback: for most people, its meaning is
completely opaque. However, for the description of the
complexity of grammars for Automatic Speech
Recognition, an entropy-derived measure frequently is
used, i.e., the perplexity. This measure has a very
transparent meaning which can be stated as “the average
number of options available". In this paper I will
describe a perplexity-related measure of the error-
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distribution and demonstrate its use in the evaluation of
the results of listening experiments.

2. ERROR-DISPERSION

The information content, i.e. the entropy, of a confusion
matrix can be described with three numbers, the
entropies of the stimulus sequence H(Stim), of the
response sequence H(Resp), and of the confusion matrix
itself H(Stim, Resp), respectively (equations la-c):

1 J P P;
H(Stim, Resp) = 3, Y — —L . 2log(—u) (1a)

iz1j=1 N N
I S. S.
H(stim) = Y — —+ - 2log(—1j (1b)
i1 N N
H(Resp)=i— R 2log(ﬁj (1)
SN N

In equation la-1c, S; is the number of stimuli in class i,
R; the number of responses in class j, P;j the number of
sfimuli in class i that elicited responses of class j, and N
the total number of stimulus-response pairs. Several
measures using the information content of the confusion
matrix and of the stimulus and response sequences are in
use (c.f, [2], (3], [4]), e.g.,

T = H(Stim) + H(Resp) - H(Stim, Resp),
T/H(Stim),

H(StimiResp) = H(Stim, Resp) - H(Resp),
H(ResplStim) = H(Stim, Resp) - H(Stim).

The latter two measures are conditional entropies and are
related to the perplexity [5]. 2H(StimIResp) can be
interpreted as the "effective” number of stimuli that can
elicit a response and 2H(ResplStim) ag the "effective”
number of responses to each stimulus. None of the above
measures distinguishes between correct and incorrect
responses. As a consequence, all these measures are
sensitive to the absolute error rate, €.

The error rate, €, has two immediate effects on the
conditional entropies H(StimiResp) and H(RespiStim).
The bare presence of errors adds an amount of
Hg= —e-zlog(e) - (1—8)~210g(1-8) to the conditional
entropy. Furthermore, the contribution of the errors to
the conditional entropy is reduced by a factor € with
respect to the correct responses. Using this knowledge, it
is possible to "normalize" the conditional entropies,
H(StimIResp) and H(RespiStim), (i.e., the perplexities) in
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Figure 1: Errorrates for vowels from four speakers from
Koopmans-van Beinum [8], see text The error rate in
Free Conversation differs statistically significant from
the other two conditions (p<0.05, two-tailed Wilcoxon
test) which themselves do not differ from each other
(p>0.05, two-tailed Wilcoxon test).
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Figure 2: FError-dispersions for vowels from four
speakers from Koopmans-van Beinum [8], see text. The
error-dispersions for the three conditions differ
statistically significant from each other (p<0.05, two-
tailed Wilcoxon test). The numbers above the bars are
the error-differences, 8, between the speakers.

such a way that they become almost insensitive to the
absolute error rate, €.

H(Stim|Resp) - H,
h, =
£
h, = H(Resp|Stim) - H ab)

(2a)

£
In which He = —&-2log(e) — (1~ €)-2log(1—¢)

When these normalized "pseudo entropies”, h,and hg,
are transformed from the usual logarithmic form to the
linear form, i.e., like the perplexity, the resulting
measures represent the "effective number of error
classes", or error-dispersion. Two measures of error

dispersion are possible, dg and d; (equations 3a and 3b,
respectively):

d, =2Ps

d, = 2P

The error-dispersion does not depend directly on the
error-rate. However, the error dispersion does depend on
the distribution of the correct responses. With a fixed
distribution of error categories over the confusion
matrix, the distribution of the correct responses can still
depend on the error rate. Therefore, there remains an
indirect dependency between the error-dispersion and the

(3a)

(3b)

Table 1: Confusion matrix and performance measures
for identification of vowel realizations presented with
and without their natural (VVV) context. Taken from
Kuwabara {6]. The ermror difference between the
confusion matrices is §g = 0.134.

#V# presentation € = 20.9%, d, = 1.281

Table 2: Confusion matrix and performance measures
for identification of vowel realizations presented with
and without their natural (CVC) context. Taken from
Huang [7]. The error differences between the confusion
matrices is §; = 0.023.

#V# presentation € = 29.1%, dq = 2.426

i [+] A (8] u total 1 X e e A total

i 600 200 800 i 706 100 33 3 18 860

€ 9% 512 6 13 13 640 1 10 693 14 58 165 940

A 144 562 14 720 e 51 150 834 132 33 1200

0 45 392 123 560 e 3052 45 542 243 885

u 14 466 430 A 2 33 4 175 446 660

total 696 856 613 433 602 3200 total 772 1028 930 910 905 4545
VVV presentation € = 3.8%, dg=1.311 CVC presentation € = 20.7%, dg = 2.350

1 e A 0 u total i I e € A total

i 716 24 800 i 764 65 23 1 7 860

e 26 601 13 640 I 17 756 2 62 103 940

A 713 7 720 e 47 107 885 135 26 1200

o 6 11 515 28 560 e I 22 20 640 202 885

u 5 475 480 A 4 24 0 71 561 660

total 625 724 533 510 3200 total 833 974 930 909 899 4545
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Figure 3: Error rates for vowels from three speakers
from Van Bergem [9] see text. Only the difference in
error rates between vowels taken from stressed syllables
in content words and from function words is statistically
significantly (ignoring +/—, p<0.05, two-tailed Wilcoxon
test).
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Figure 4: Error dispersions (columns) and error-
differences g (numbers) for vowels from three speakers
from Van Bergem [9], see text. Except for the results for
vowels uttered in isolation, all differences between
syllable types are statistically significant (ignoring +/-,
p<0.05, two-tailed Wilcoxon test).

error rate. It is possible to factor out this dependency, but
this falls outside the scope of this paper.

If various confusion matrices are combined (i.e., pooled)
it can be shown that the entropies of the pooled matrix,
H', are never less than the mean entropy, H, of the
corresponding entropies of the individual matrices. Or
more precisely:

H' =ﬁ+n‘H

9 “
2 o Hi +1- Z o log oy

In Wthh

H' is the entropy of the pooled observation sequences,
H is the, weighted, mean entropy of the individual
observation sequences, 0sn<1, 0<o<1 and H,, isthe
"entropy" of the weighting factors (Hy, = logN ifog =
1/Nfor all k,).

The coefficient 1} equals zero if the distributions of the
confusion matrices are completely equal, n equals 1 if
there is no overlap between the confusion matrices,
stimuli or responses. The coefficient 1 can be interpreted
as the fraction of the observations in the pooled matrix
that can still be attributed to the original confusion
matrices. That is, the fraction of observations that
originates in non-overlapping parts of the confusion
matrices.

The quantity €-h (cf. equation 2) is an entropy.
Substituting this quantity for H in equation 4, together
with some reordering, results in (use & = n/¢€’):
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N

R

- k_ khk+5H
k=1 €'

h -h b -F ©

&5, = —‘rH ” and §, = SH 2
o o

As equation 4 but with:
h'is the logarithm of the error-dispersion d' of the pooled
sequences, h is the mean of h of the individual
sequences, weighted by their contribution to the pooled
error rate €' (i.c., weighted with oy.-€,/€'). Also, 0 < 8 but
note that & can be larger than 1.

The differences in the error categories between
confusion matrices can be described by 8. This & can be
interpreted as the fraction of the errors that is not shared
between the matrices. The error-differences of the
responses, Sr, and stimuli, &, can also be written as (cf.
equation 2):

57‘ nS r _' T’g (63)
£
55 = &13_;_"_8 (6b)

In which (see equations 4 and 5) all means are weighted
by ok.ex/e’ and

o H (Stim|Resp)-TI(Stim|Resp)

ns[ ro Hy ’

+ H (ResplStim)-H(Resp/Stim) __H,~He
77 - y Ne=

rls Hy Hy,

Equation 6a-b show that the error-differences can be
interpreted in terms of n (see equation 4), as the
effective fraction of the errors in the pooled matrix that
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is outside the shared error categories of the contributing
matrices, corrected for overall differences in the
distribution of error-rates, stimuli and/or responses.
However, equation 5 has more practical value, because
from this equation it is easier to calculate the actual
value of 8.

3. EXAMPLES

The measures discussed above, have been calculated for
data from several papers concerning vowel
identification. I will limit myself to discussing the
stimulus related measures, dg and 8s. The results for the
response related measures, dr and &, can be derived
from these and the conclusions would not be different if
they were used. Tables 1 and 2 present data taken from
Kuwabara [6] and Huang, [7] who presented vowel
realizations in isolation and in their natural context
(VVV and CVC, respectively). There was a sizeable and
statistically significant lower error rate for identification
of vowels presented in context. However, error
dispersions (dg) were almost equal and the differences
only small (8s). From this it can be concluded that the
presence of context reduced the error rate, but not the
number of different confusions.

Koopmans-van Beinum {8] presented vowel realizations
from four speakers to listeners. She used vowels uttered
in isolation, from monosyllabic words uttered in
isolation and from unstressed syllables from free
conversation. The resulting error rates and error
dispersions are presented in figures 1 and 2. Van Bergem
[9] presented vowels taken from identical syllables
pronounced in isolation, as the stressed and unstressed
syllables of content words and as a function word. All
words, except those pronounced in isolation, where part
of carrier sentences. Senfences were structured to place a
sentence accent on or next to the target syllable (+) and,
alternatively, away from the target syllable (-). As the
presence or absence of sentence accent had no relevant
effects, it will be ignored here. The resulting error rates
and error dispersions are presented in figures 3 and 4.

In both studies, there were only a few conditions that
could be distinguished based on error-rates alone
(figures 1 and 3). This was mostly due to a large overlap
in error rates and the small number of speakers used.
However, in both cases, the error dispersions did rnot
overlap between conditions and the differences between
the conditions were all statistically significant (figures 2
and 4). From this it can be inferred that in these studies,
speaking style and word stress have a strong effect on
the number of different confusions. Possibly, this effect
was even stronger than the direct effect on the error-rate
itself.

In figures 2 and 4, the error differences, 8, decreased
with increasing dispersion dg, and vowel reduction. This
indicates that the confusions become less speaker
specific and more general with increased vowel
reduction.
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4. CONCLUSIONS

From the above examples, it can be concluded that the
error-dispersion illuminates aspects of identification
experiments that are otherwise difficult to quantify. Its
relation to the perplexity gives the error-dispersion a
transparent interpretation as the effective number of
€error categories. '
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