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ABSTRACT

This article presents a method for directly cal-
culating the area function of a vocal tract model
by means of measured formant frequencies. The
model is a concatenation of uniform tubelets whose
cross-sections and lengths may vary in time. The
proposed method uses a mathematical expression
that relates time derivatives of tubelet cross-sections,
lengths and formant frequencies. The derivatives are
numerically integrated to arrive at cross-section and
length trajectories. When more than one model area
function is compatible with observed formant fre-
quencies, additional constraints are used to select a
unique area function. Results show that formant-
matched trajectories of tubelet cross-sections and
lengths are smooth. The agreement between observed
and model-generated formant frequencies is better
than 0.01 Hz

1. INTRODUCTION

Formant-to-area mapping matches the area func-
tion of a vocal tract model to observed formant fre-
quencies. Area function S(z) is vocal tract cross-
section S a distance z away from the glottis.

Given a set of observed formant frequencies,
formant-to-area mapping has conventionally been
carried out by means of a table-look-up or a con-
strained search for the most satisfactory area function
[5].

As an alternative, we propose to calculate the area
function directly. Input data are experimentally ob-
tained formant trajectories. Output data are tubelet
cross-sections and lengths of an n-tubelet vocal tract
model. When more than one area function is com-
patible with observed formant frequencies, additional
constraints are used to select a unique area function.

Results show that formant-matched trajectories of
tubelet cross-section and lengths are smooth and the
agreement between observed and model-generated
formant frequencies is better than 0.01 Hz.

2. FORMANT - TO - AREA MAPPING

Conventionally, when the vocal tract shape is ap-
proximated by concatenating uniform tubelets, the
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eigenmode condition is mathematically expressed by
means of an algebraic equation F(S;,l;, f;) = 0 which
links tubelet cross-sections S; and lengths I; to eigen-
frequencies f; [1].

Mathematically speaking, condition F = 0 im-
plicitly defines several functions f; = ¢;(S;, [;) which,
after inversion, would give desired relations X; =
]-‘1( f;). Variables X; stand for cross-sections S; and
lengths [;. This approach is not feasible in practice
for two reasons. Firstly, functions g; can only be ob-
tained from condition F' = 0 in a few special cases [3].
Secondly, for most of the interesting models, inverse
relations g ! do not exist because the number of un-
knowns X] is greater than the number of observed
formant frequencies f;.

A way around the problem of the non-existence
of functions g]-_l is the following. Explicit analytical
relations (1) exist between time derivatives —‘g—tj and
%‘;—i. These relations can be obtained via condition
F = 0 by means of the chain rule.

2 (5%), (F), - (5), (%),

i=1 0X; tk dt tx of i '
(1)

When frequencies f; and parameters X; are

known at time coordinate ¢, conditions (1) yield time

derivatives %. Indeed, derivatives % can be ar-
rived at by numerically differentiating observed for-
mant trajectories and quantities 5‘9}% and QE can be
analytically calculated by virtue of relatlon F. By
means of a change of notation, z; = %X bij = 2F

-t W
ar > Vi = 3x;
d .. . .
g?%}, conditions (1) can be rewritten in

the form of a linear system of algebraic equations (2)
which can be easily solved. m is the number of ob-
served formant frequencies and n the number of area
function parameters.

and g; =

ji=1,m. (2)

n
E biizi =y,
i=1

Provided that time interval (ty41 — ?) is small,
parameters X; at time coordinates tx and ¢y are
linked by means of the following Taylor expansion.
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: dX; :
(Xi)tk+1 = (Xi)tk + (T)tk (tk+1 —tk)i t=1...n

3)

If the number of unknown area function parame-
ters X; was equal to the number of available formant
frequencies, the values of X; at time coordinate t.4;
could be determined by solving the system of alge-
braic equations (2) at time coordinate ¢; and applying
relations (3). The same procedure could be applied
over and over again until area function parameter tra-
jectories (X;),, were obtained.

The problem is that, generally speaking, the num-
ber n of unknowns X; is greater than the number m
of experimentally obtained formant trajectories. Di-
rectly solving the system of algebraic equations (2)
1s therefore not possible. More equations are needed.
These can be arrived at by means of additional physi-
cal constraints. We have developed two methods that
provide n — m extra equations.

3. CONSTRAINTS

3.1. Variational calculus

Constraints we have tried out are the minimiza-

tion of kinetic E. or potential pseudo-energy E, of
the area function.

1< X:\?
Ec = = " : ;
3 =™ (dt)

17L
E, = -52 (Xi — Xio)?. (4)

Coefficients m; and k; are pseudo masses and spring
constants which, for the sake of convenience, are made
to equal 1.

The first method uses variational calculus to mini-
mize a global expression J into which enter E, and E,
with equations (2) weighted by their Lagrange multi-
pliers A;.

trt1 m n
J:/ EC+EP+ZAjZ(b]'i;U¢—yj) dt.
te j=1 =1
(5)

If algebraic system (2) was solved and, during time
interval (tx4+1 — tx), cross-sections S; and lengths I;
had moved as slowly and as little away as possible
from their “neutral” values S;q and ;o then the value
of integral J would be minimal,i.e. §J = 0.

The Euler-Lagrange equations, that arise from the
extremum condition 6J = 0, are an augmented sys-
tem of integro-differential equations (6) that contain
as many equations as unknowns. The unknowns are
Lagrange multipliers A; and derivatives z;.

—ki (Xi — Xio) — % mixi+ZAjbji =0,
j=1
i=1..

bjizi —y; =0, n, j=1...m

(6)
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Solving system (6) is difficult. The task can be
made simpler by imposing the kinetic energy condi-
tion only. System (6) then takes on the following
form.

m
m;x; + E Aj bji = const;,
i=1

i1=1...n,

bj,-zz-—yj.—_o. j:l...m.

(7)
Constants const; can be made equal to 0. System (7)
is a linear algebraic system of equations which can be

solved by conventional means.

3.2. Singular value decomposition

The second method makes use of singular value
decomposition to solve non-augmented system (2).
Singular value decomposition is a technique that can
handle systems of linear algebraic equations even
when the number of equations is smaller than the
number of unknowns [2]. Solutions (8) of system (2)
then include n — m free parameters Ay whose values
must be fixed to arrive at a unique solution.

n—m

z; = df + Z dix Ak,
At this stage, quzfn_tlities d; and d;; are known and
parameters Ay are unknown. As in section 3.1., pa-
rameters A; are fixed by requiring that the kinetic
or potential pseudo-energies are minimal. Here we
only use the potential energy which at time coordi-
nate ;41 has the following form.

i=1...n (8)

1 n—1m

E, = -3 2[(X Z
(te4r —tk) - Xl®. - (9)
Expression (9) is obtained by inserting Taylor ex-

pansion (3) and solutions (8) into potential pseudo-
energy (4).

gf;’ = 0 leads
to an additional system of equations with n — m un-
knowns A;. The system is linear and can be solved
by conventional means.

Once the optimal A-values have been determined,
solutions (8) yield the values of 4% at time coordi-
nate {3, which, inserted into Taylor expansion (3), are
used to compute area function parameters X; at time
coordinate tg41.

4. ERROR CORRECTION

Iteratively applied estimation steps accumulate
small errors over time. To keep error accumulation
to a minimum, we applied additional stratagems,
namely @) initialization by means of reference area
functions, &) linearization, and c¢) iterative correction
of parameters X;. a) Initial area function parameters
(X;),, were those that generated the first observed
m-tuplet of formant frequencies. Reference formant
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means of singular value decomposition was that
formant-to-area inversion and selection of a unique
area function were locally separate operations. This
meant that it was necessary to solve one n x m and
one n —m X n — m linear algebraic system of equa-
tions. Moreover, singular value decomposition al-
lowed both potential and kinetic pseudo-energies to
be introduced, while the variational method only led
to a linear system when kinetic pseudo-energy alone
was taken into account. The variational method then
gave rise to a n x n linear algebraic system of equa-
tions. Singular value decomposition was preferred be-
cause it was numerically more robust.
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Figure 1: Box plots of the extremal values of trajectories of cross-sections Sy and Ss as a function of speaking
rate. Each box plot represents 30 repetitions of the same combination of rate, stress pattern and target vowel [a].
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