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ABSTRACT

A performance analysis technique for spectral subtraction
methods is introduced. From the outcome of the analysis
it is, among other things, possible to rank different meth-
ods, tune the inherent design variables, derive novel meth-
ods with improved performance, and explain audible arti-
facts such as musical noise. In particular, it is argued that
in the hands free mobile telephony scenario low-distortion
spectral subtraction gives approximately 10dB noise level
suppression.,

1. INTRODUCTION

A common signal processing problem is the enhancement
of a signal from its noisy measurement. In this paper,
spectral subtraction methods for signal enhancement, or
alternatively noise suppression, based on measurements
from a single channel are considered, [1, 2]. One of the
main applications for this class of methods is in enhance-
ment of speech degraded by additive noise.

An industrial application is speech enhancement for dig-
ital mobile telephony, {3, 4]. Especially in scenarios such
as hands free operation of mobile stations in noisy en-
vironments, there is need for speech enhancement algo-
rithms that produce an enhanced speech with low speech
and background noise distortion in combination with a
sufficient background noise level reduction. In addition,
suitable algorithms should have low numerical complexity,
low inherent time delay, and be robust against detection
errors in the voice activity detector.

In this paper, the class of spectral subtraction methods
is studied for the purposes above. Other alternative algo-
rithms exist. For example, a Kalman filter based speech
enhancements algorithm is adopted in the Japanese half-
rate Personal Digital Cellular (PDC) speech codec stan-
dard.

In speech signal processing, the speech signal can be as-
sumed stationary for about 10-40ms, that is 80—320 sam-
ples at 8kHz sampling rate. In the mobile telephony hands
free scenario, the background noise can be assumed sta-
tionary for about 0.5-2.0s.

The above example illustrates the basic assumptions im-
posed on the background mnoise and, respectively, the
speech signal, namely: 1) the background noise is long-
time stationary in comparison with the signal, and 2)
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there are periods when the measurement consists of the
background noise only.

The motivation for this paper is threefold. First, it intro-
duces a novel analysis technique for spectral subtraction
methods, resulting in closed form performance expres-
sions. The technique is applied to Power Subtraction, [2],
and Magnitude Subtraction, [1], and it is shown how their
performance depends on %) the short time power spectral
densities (PSDs) of the input signals (the speech and, re-
spectively, the background noise), iz) the stationarity time
of the input signals, and #ii) the degrees of freedom in the
PSD estimators implicitly or explicitly used. From the
findings above it is possible to rank the variety of meth-
ods in the class of spectral subtraction methods.

Secondly, which follows from 1:) above, the outcome of the
analysis makes it possible to include the stationarity time
of the input signals into the design procedure in order to
expand the class of spectral subtraction methods, or to
tune the classical methods for high audible quality. This |
latter statement is illustrated by minimizing a distortion
measure for Power Subtraction with a variable subtraction
rate §. In a typical mobile telephony scenario, it is shown
that this minimum distortion design applied to classical
Power Subtraction only leads to 3dB background noise
level suppression.

Thirdly, the performance is directly related to the degrees
of freedom in the PSD estimators. Thus, for a given au-
dible quality (in terms of speech and background noise
distortion) the background noise level can be reduced by
decreasing the degrees of freedom in the PSD estimators,
for example by imposing an all-pole model (say, of order
10) in the algorithm. In the same scenario as mentioned
in the previous paragraph, such a modification suppress
the background noise level in total 10dB without intro-
ducing any audible artifacts.

2. PRELIMINARIES

The spectral subtraction methods are based on processing
blocks of data frames. Consider a single frame of real-
valued and zero-mean adjusted measurements,

z(k)=s(k)+v(k) k=1,...,N (1)

where z(k), s(k), and v(k) denote the noisy measurement
of the speech, the speech signal and the colored addi-
tive noise, respectively. When different frames of data are
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considered, they are labeled with a superscript “ **, for
example z(k)?, meaning the £-th frame of data {z(k)},.
However, in order to simplify the notation, the index £ is
mostly omitted.

The speech is assumed stationary over the frame. This as-
sumption is introduced in order to simplify the analysis.
The general case, that is when the actual frame length
is (considerable) shorter than the interval in which the
speech is assumed stationary, can be analyzed using the
same technique. This case will, however, require more no-
tation and will not explicitly be considered. In addition,
the derived results are directly applicable to the general
case up to a scaling factor for the derived variance expres-
sions.

The noise is assumed long-time stationary, that is station-
ary over several frames. The number of frames where v(k)
is stationary is denoted by 7 > 1. It is assumed that the
speech activity is sufficiently low, so that a model of the
noise can be estimated in periods where s(k) is absent.

Denote the power spectral densities (PSDs) of the noisy
speech, the speech, and the noise by ®q(w), ®.(w), and
&®,(w), respectively, where.

o (w) = &,(w) + Bu(w). (2)

Based on estimated quantities, s(k) can be estimated us-
ing a spectral subtraction technique. Let (k) denote an
estimate of s(k). Then,

(k) = FH(w) X(w)]
X(w) Flz(R)]

where F[-] denotes a linear transform, for example the
Fast Fourier Transform (FFT), and where H(w) is a real-
valued even function in w € (0, 27) such that 0 < H(w) <
1 (see, for example, (7) and (8) below). The function
H(w) depends on ®.(w) and ®,(w). Since H(w) is real-
valued, the phase of 5(w) = H(w) X(w) equals the phase
of the degraded speech, that is motivated by the human
ears unsensitivity for phase distortion.

©)

In general, ®,(w) and $,(w) are unknown and have to
be replaced in H(w) by estimated quantities, denoted by
$,(w) and &,(w), respectively. Due to the short time
stationarity of the speech, ®.(w) can only be estimated
from a single frame of data, while ®,(w) may be esti-
mated using data in 7 speech free frames. It is assumed
that an activity detector is available in order to distin-
guish between frames containing noisy speech and frames
containing noise alone. Further, it is assumed that ®,{w)
is estimated during periods where the speech is absent,
by averaging over several frames, for example, using

& (w)' = p&o(w) 7" + (1 - p)u(w). (4)

In (4), $,(w)* is the (running) averaged PSD estimate
based on data up to and including frame number £ and
®,(w) is the estimate based on the current frame. The
scalar p € (0,1) is tuned in relation to the assumed
stationarity of v(k). An average over T frames roughly
corresponds to p implicitly given by 7 = 2/(1 — p).
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A suitable PSD estimate (assuming no aprior: assump-
tions on the spectral shape of the background noise) is
given by ®,(w) = §V(w)V*(w) where “4” denotes the
complex conjugate and where V(w) = Fluv(k)]. With
F[] = FFT(-), .(w) is the Periodigram and $.(w) in
{4) is the averaged Periodigram, both leading to asymp-
totically (N > 1) unbiased PSD estimates, [5].

3. PSD ERROR ANALYSIS

It is obvious that the stationarity assumptions imposed on
s(k) and v(k) give rise to bounds on how accurate §(k) is
in comparison with s(k). In this Section, an analysis tech-
nique for spectral subtraction methods is introduced. It is
based on first order approximations of the PSD estimates
$,(w) and $,(w), respectively (see (8) below), in com-
bination with approximative (zero order approximations)
expressions for the moments of the introduced deviations.
Explicitly, in the following an expression is derived for
the frequency domain error of the estimated signal §(k),
due to the method used (the choice of weighting func-
tion H(w)) and due to the accuracy of the involved PSD
estimators.

Since the phase is unaffected by the spectral subtraction
methods, 1t is relevant to consider the PSD error defined
by

P4(w) 24(w) — @4(w) (5)

$.(w) = H(w)%e(w). (6)
In (5), &,(w) is the PSD of the enhanced speech, and in
(6), H(w) denotes an estimate of H{w) based on ®.(w)
and &,(w). Note that $,(w) by construction is an error
term describing the difference (in the frequency domain)
between the magnitude of the filtered noisy measurement
and the magnitude of the speech. Therefore, $,(w) can

take both positive and negative values and is not the PSD
of any time domain signal.

I

For Power Subtraction (PS) H(w) is given by, [2]

iy 1 2a(w)
H(w)=4/1 YL (1)

One can note that, if $o(w) = Ba(w) and $,(w) = &u(w)
then @,(w) = 0 for the choice (7). For Magnitude Sub-
traction (MS) H(w) is given by, [1]

Hw)=1- ig:; (8)

By definition, H(w) belongs to the interval 0 < H(w) < 1,
that not necesarilly holds true for H(w). Therefor, in an
implementation half-wave or full-wave rectification have
to be used.

In order to perform the analysis, assume that the frame
length N is sufficiently large (N > 1) such that &.(w)
and @,(w) are approximately unbiased. Introduce the
first order deviations

$.(w)

<i>1,(w)

Bo(w) + Aa(w)
Bu(w) + Au(w)

(9)
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where Az(w) and A,(w) are zero-mean stochas-
tic variables such that E[A.(w)/®.(w)? < 1 and
E[A,(w)/®.(w)]® <€ 1. Here and in the sequel, the no-
tation E[-] denotes statistical expectation. Further, if the
correlation time of the noise is short compared to the
frame length, E[(®,(w)" — &4(w)) (Bu(w)* — &o(w))] = 0
for £ # k, where &,(w)’ is the estimate based on the
data in the £-th frame. Since ®:(w) and ®.(w) are es-
timated from different frames of data, this latter fact
implies that Az(w) and A,(w) are approximately inde-
pendent. Otherwise, if the noise is strongly correlated,
assume that ®,(w) has a limited (€ N) number of
(strong) peaks located at frequencies wy, ..., wn. Then,
E[(3.(w)" — &u(w)) (Bu(w)* — ®u(w))] &~ 0 holds for
w# wj j=1,...,n and £ # k and the analysis still
holds true for w # w; j = 1,...,n. For the limited set of
frequencies {wi, ..., wn} the same methodology may be
used.

In the following, the performance of Power Subtraction

and Magnitude Subtraction are analyzed in terms of bias
error E{®,(w)] and error variance Var(®,(w)).

3.1, Power Subtraction

Inserting (6) and (7) into (5), using the Taylor series ex-
pansion (142)™* ~ 1 —z and neglecting higher than first
order deviations, a straightforward calculation gives

z & (w)
s ja-q Ag - Ay 10
B.(0) = 3 A (w) - M) (10)
where “~” is used to denote an approximate equality in
which only the dominant terms are retained. The quanti-

ties Ag(w) and A,(w) are zero-mean stochastic variables.
Thus,

E[,(w)]

R

0 (11)
<I>f,(w)
$i(w)

R

Var(®,(w)) Var($z(w)) + Var($,(w)){12)

In order to continue, we make use of the general result for
an asymptotically unbiased spectral estimator ®(w) that

Var($(w)) ~ 7(w) % (w) (13)

for some (possibly frequency dependent) function y(w).
For example, the Periodogram corresponds to, [5]

: 2
smwN) ~1 (14)

v(w) =1+ (Nsinw

while the averaged Periodogram over r frames corre-
sponds to v ~ 1/7. With obvious notations, combining
(12) and (13) gives

Var($,(w)) ~ (7= + 1) &5 (w). (15)

3.2. Magnitude Subtraction

Paralleling the calculations for (8) gives

B8 ,(w)] = 284 (w) (1 - %:%) (16)
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3, (w)
&, (w)

Var(®,(w)) ~ (1— 1+ ) (Ve + 1) B3 (w). (17)

3.3. Remarks

o For the considered methods one has that the bias error
only depends on the choice of H(w), while the error vari-
ance depends both on the choice of H (w) and the variance
of the PSD estimators used. For example for the averaged
Periodogram estimate of ®,(w), one has vy ~ 1/7. Fur-
ther, using a single frame Periodogram for the estimation
of ®.(w), one has 4, ~ 1. Thus, for 7 > 1 the dominant
term in ¥ = vz + s, appearing in both (15) and (17), is
7 and thus the main error source is the single frame PSD
estimate of the noisy speech.

o It is obvious that the frequency bins of H(w) should
be small in frequency regions with relatively low instan-
taneous SNR. If the corresponding error variance is rel-
atively large, some frequency bins of H(w) may signifi-
cantly differ from their expected values. In speech en-
hancement, this effect gives rise to a tonal artifact in the
enhanced speech, so called, musical noise.

e In order to improve the performance of the spectral
subtraction techniques, it follows from the remarks above
that it is desirable to decrease the value of 7. (select an ap-
propriate PSD estimator, that is an approximately unbi-
ased estimator with as low variance as possible) and select
a “good” spectral subtraction technique (select H(w)).
For the first modification above, the value of v, may be
decreased using standard averaging techniques, such as
blocking the data into subframes and using an averaged
Periodogram. Such an approach, however, requires a care-
ful analysis of the trade off between the introduced bias
and the achieved reduction in variance. More appealing
is that the value of 4, can be reduced using parametric
modeling. In fact, the speech s(k) typically can be de-
scribed by an autoregressive (AR) model of order p x 10.
Thus using some estimation method based on parametric
modeling 7. can be reduced from 7, ~ 1 for Periodogram
based spectral subtraction to 7, &~ 2p/N. For example,
for N = 256 and p = 10, v equals v, &~ 0.078.

o A tractable distortion measure is the mean square PSD
error

E[&,(w)]? = E[$,(w) — &,(w)]. (18)

In the following section, (18) is minimized for a special
choice of H(w).

4. OPTIMAL SUBTRACTION FACTOR
An often considered modification of Power Subtraction is

H(w) = 41— §(w)2) (19)
®a(w)

where §(w) is a possibly frequency dependent function.

In particular, with §(w) = § for some constant § > 1, the

method is often referred as Power Subtraction with over-

subtraction. This modification, in combination with a
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rectification device, significantly decreases the noise level,
but, in addition, significantly distorts the speech making
this modification useless for high quality speech enhance-
ment.

However, an interesting case is when §(w) < 1, which
is seen from the following heuristical discussion. When
¥.(w) and ®,(w) are eractly known, (19) with §(w) =1
is optimal in the sense of minimizing (18). On the other
hand, when ®.(w) and ®,(w) are completely unknown,
then the best one can do is to estimate the speech by the
noisy measurement itself, that is 5(k) = «(k), correspond-
ing to the use of (19) with § = 0. Due to the above two
extremes, one can expect that when the unknown ®q(w)
and &,(w) are replaced by &,(w) and &,(w), respectively,
the squared error (18) is minimized for some §(w) in the
interval 0 < §(w) < 1 for all w € (0, 27).

In addition, in [6] an empirical quantity, the aver-
aged spectral distortion improvement, was experimentally
studied with respect to a scalar subtraction factor for
Magnitude Subtraction. Based on several experiments,
the authors conclude that the optimal subtraction factor
preferably should be in the interval that span from 0.5 to
0.9.

Explicitly, calculating the PSD error corresponding to
(19) gives

&.4(w) 2 (1 — 6(w))®s (w) + s(w)(ilggm(u})-m(w)).

Taking the expectation of the squared PSD error gives
E[&.(w)]’ =~ &%(w) (1 = 6(w))” + 6(w)’ (7= +m)) (20)

Equation (20) is quadratic in §(w) and can be analytically
minimized. Denoting the optimal value by 8, the result
reads

1

b= ——————.
14 92+ v

(21)
Note that § implicitly only depends on the time of station-
arity of {s(k)} and {v(k)}. Further, since v =z + v in
(21) is approximately frequency independent (at least for
N >» 1) also § is independent of the frequency. In partic-
ular, § is independent of $,(w) and &,(w), which implies
that it can be pre-calculated for a given configuration.

The value of § may be considerable smaller than unity
in some (realistic) cases. For example, consider v, = 1/7
and 7 = 1, then § < 0.5 for all . The fact that § < 1in-
dicates that the uncertainty in the PSD estimators (and,
in particular, the uncertainty in @z(w)) have a large im-
pact on the quality (in terms of PSD error) of the output.
Especially, the use of § < 1 implies that the signal to
noise ratio improvement, from input to output signals, is

small.

A measure of the performance is given by the (averaged)
enhanced SNR (SNRI), defined as

2 plE@-2.0)]_,[8W)]_,_
SNRI = E [@m(w) —<I>,(w)] =E [@v(w)] =1-4.
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Fig. 1. SNRI as function of 1/y (where v = vz + 7u) for
minimum distortion Power Subtraction.

In Fig. 1, 10log,[SNRI] is depicted versus the estima-
tor accuracy 1/ for the choice § = §. Note from Fig. 1
that for the classical Periodogram based Power Subtrac-
tion (y ~ 1+ 1/7 > 1) the magnitude of the enhanced
SNR is less than 3dB. By parametric modeling of ®=(w)
the value of 7. can be reduced from unity to approxi-
mately v; ~ 2p/N where N is the stationarity time of
s(k) (in number of samples) (here assumed to coincide
with the frame length) and p is the model order. Typi-
cally at 8kHz sampling rate N = 256 and p = 10 leading
to 4 = 0.078 + 1/7 > 0.078. The SNRI for this latter case
is bounded by (for 7 — co0) 11.4dB. In a mobile telephony
hands free scenario, it is reasonable to believe that the
background noise is stationary for about 0.5-2.0s, that is
T & 15—60, leading to SNRI in the interval 9.0 to 10.7dB.

5. CONCLUSION

An analysis technique for spectral subtraction methods
is introduced. The main finding of practical interest is
that in the mobile telephony scenario a cautious spectral
subtraction in combination with parametric modeling of
the noisy speech may reduce the background noise level
approximately 10dB without introducing any audible ar-
tifact such as annoying speech distortion or musical noise.
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