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ABSTRACT

A vector quantisation codebook can be modelled as a set
of probability density functions. The problem of estimat-
ing the parameters determining mixture probability den-
sity models can be solved using a log-likelihood based re-
estimation procedure. On the other hand, this problem can
be also viewed as a conventional optimisation problem.
Consequently, gradient descent techniques may be used to
obtain values of the model parameters. The main advan-
tage of these techniques over the reestimation procedure is
higher robustness due to an initial estimation of the model
parameters. In the paper, we describe a descent algorithm
along with a criterion function, we propose. We obtained
some promising results by applying this algorithm to one
and two-variate pseudo Gaussian mixture probability den-
sity functions and further to signal vectors of a continuous
speech database.

1. INTRODUCTION

Most of the conventional vector quantisation (VQ) meth-
ods partition the feature space into separate regions, ac-
cording to some distortion measures [4], regardless of the
feature vectors’ probability distributions [8]. This intro-
duces errors in the partition operations which can not be
avoided [5]. As an alternative, we can model a VQ code-
book as a set of probability density functions (pdf) [5, 9].
In this case the representation of the vector quantisation
codeword in the feature space is calculated as a pdf.

The problem of estimating the parameters determining a
mixture pdf model, is to be solved. This can be done us-
ing a log-likelihood based reestimation procedure. The
most distinctive solution to this problem is the procedure,
known as Estimation-maximisation (EM) algorithm [5, 1].
However, it has a significant drawback, as we need to ob-
tain sufficiently good initial estimates for the unknown
model parameters [8].

The problem of estimating the model parameters can be
also set up as a conventional optimisation problem. Thus,
rather standard gradient techniques can be used to obtain
the values of the model parameters [3]. In the following
sections, we go on describing a descent algorithm, min-
imising the difference between the current estimation and
the moving average estimation of the model parameters.
This algorithm has proved to be very robust due to the
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initial estimations of the model parameters, and the cur-
rent parameter estimations can be derived promptly at each
step of the algorithm. This feature turns out to be of great
use when dealing with a huge training set like a feature
vectors set, derived from a continuous speech signal.

2. MIXTURE PDF MODEL

Suppose that we have a set of N observable feature vectors
X = {x;,--+,xn}. The total likelihood of the observable
vectors is by definition the joint probability

N
p(x10) = [ [ p(x;10), @

4=t

where @ is the model parameter vector. In the mixture pdf
with L component densities ¢;, the above conditional pdf
equals

L
p(x;10) = > p(cap(xjlei, 0:), @
i=1

where ¢ = 1, - - - ; L denotes a component density label.

Further, the a posteriori probability, that the vector x; oc-
curs from the component density c; is given as

ple)p(x;les, 0i)_ 3)

pleil;) : p(x;]6)

The mixture pdf model is defined by the parameter vector
6 comprising all component density parameter vectors 8;
and the a priori probabilities p(c;). The representation of
the VQ codeword in the feature space is calculated as the
pdf according to the Bayesian decision rule [8].

Our task is to estimate all component values of the model
parameter vector 8. This problem can be set up as a con-
ventional optimisation problem. Therefore, we decided to
use and to evaluate a standard gradient descent technique.
In comparison to the log-likelihod based reestimation pro-
cedure, we anticipated a higher robustness fo our model,
due to the initial estimations of the model parameter vec-
tor.

3. GRADIENT DESCENT ALGORITHM

The basic idea of the gradient descent procedure is very
simple. We start with an arbitrary estimation of a parame-
ter vector 8’(0). The next value 8'(1) is obtained by mov-
ing some distance away from 8’(0) in the direction of the
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steepest descent, i.e., along the negative of the gradient. In
general, 8'(k + 1) is obtained from @' (k) by the algorithm

0'(k+1) = 6'(k) — a(k)V J(@'(k)), )

where a; (k) 1s a positive scale factor that sets the step size,
and VJ('(k)) is the gradient vector, derived from a crite-
rion function J(&'(k)).

3.1. Criterion function for the gradient descent algo-
rithm

The criterion function of the descent algorithm, we pro-
pose, is based on the difference between the current esti-
mate and the moving average estimate of the model pa-
rameters. In general, this criterion function can be written
as

J(0,(k) = F(O:(k)) — f@s(KY), (5)

where 0,(k) denotes the current estimate and 8,(k) de-
notes the current moving average estimate of the model
parameter vector. Both estimations of the parameter vec-
tors correspond to the component density ¢,, which is se-
lected randomly, according to the a posteriori probabili-
ties in equation (3). The moving average estimate 8,(k)
is derived from a set of N,(k) recent feature vectors X =
{x],--, X,Ns(k)}’ which are considered as to be occuring
from the component density c;.

The function f in equation (5) should be defined in a such
way that the gradient vector of the criterion function equals

VJI@,(k)) = 8,(k) — 0,(K). (6)

Then the gradient descent algorithm can be writen as

B(k-+ 1) = 0,(0) — ais (k) (8,(k) — B,()) . (1)

3.2. Gaussian mixture probability density function

In a Gaussian mixture pdf, we deal with a model parameter
vector 8, consisting of L a priori probabilities p(c;), mean
vectors p; and covariance matrices X;. The conditional
pdf p(X|ci, 0;) from equation (2) equals the Gaussian pdf
9(Xk, b, 2;). Consequently, the a posteriory probability,
that the vector x; occurs from the component density ¢; is
given as

p(ci)g(xka i, Zz) (8)

plcilxx) = }
P Z?—_r] p(ci)g(X, ths, Xi)

3.2.1. Criterion function for the Gaussian mixture prob-
ability density function

Reffering to section 3.1, it can be easily shown, that the
proper choices for criterion functions for parameter vec-
tors 05(k) = {p k), Es(k)} are

Ty, (k _
T, O = 2B yraom g, o)
2
J(E.(k)) = trace (57('“—)) — trace (Zs(k)fs(k)) :

(10)
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Consequently, the gradient descent algorithm can be writ-
ten as

Bsk+ 1) = p (k) - as(k) (k) - By(R)),  (1D)

Zulh+ 1) = Euh) — () (Zo(B) — So(h)) - (12)

As we rEentioned before, the parameter vector 85(k) =
{B,(k),Zs(k)} is given as the moving average esti-
mate, derived from a set of recent feature vectors X, =
{x],+*+, X}y, &)} which are considered to occur from the
component density ¢s. We decide randomly, which fea-
ture vector x; € X occurs from which component den-
sity ¢;, according to the a posteriori probability in equation
(3). Since the sets of vectors that correspond to individual
component densities change constantly while the current
parameters estimates are updated, we should limit Ny(k)
to just a few recent or to only the last observed feature
vector x(k). Considering the features of Gaussian pdf, the
moving average estimates of both parameter vectors are

By (k) = Bs(By(k — 1) + v5(k)x(k), (13)

To(k) = Bs(k)Z (ko — 1)+ (k) (X, — )T (%5 — ), (14)

where 8,(k) denotes N (k)/(N,(k)+ 1) and vs(k) denotes
1/(Ny(k) + D).

The a priori parobabilities P(c;) can be estimated conven-
tionally from the calculated a posteriori probabilies as

1 M
ple)= 57 ;p(cilxj), (15)

where A denotes the number of the feature vectors x; €
X, taken into account. We can also introduce the moving
average into the above equation.

3.2.2. Initial estimations of parameters

The presented gradient descent algorithm proved to be
very robust due to the initial parameters estimation. We
can use arbitrary initial estimations, although it is prefer-
able to use a conventional single component Gaussian pdf
parameters estimation procedure using the whole set of
observable vectors. Then we can obtain initial estimates
for all parameters, using a random splitting factor, as it is
shown in the following section.

3.3. Iterative descent algorithm

The complete gradient descent algorithm, we used and
evaluated, is given as it follows:

Step 1: Initialisation. Let us assume that the Gaussian
mixture pdf consists of L components and the parame-
ter vector 8y = {4y, Lo} consists of the parameters of
the Gaussian pdf, estimated conventionally, using the
entire set of feature vectors {x; € X'}. Set the initial
estimates of all model parameter vectors to

8:(1) = 6,(0) = €6, (16)
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Figure 1: Comparison of the convergence between the presented descent algorithm and EM reestimation algorithm.

fori = 1,--+, L, and set a counter k=1. ¢; is a split-
ting diagonal matrix with random values close to 1.0.
When setting the initial values, we have to satisfy all
of Gaussian pdf covariance matrix propertics. The ini-
tial estimates of the a priori probabilities can be set to

ple) = 1/L.

Step 2: Probabilities computation. Compute the a pos-
teriori probabilities p(c;|x(k)) (8) that the current fea-
ture vector x(k) occurs from the component density ¢;
foreveryi=1,---,L.

Step 3: Decision. According to a set of computed a pos-
teriori probabilities p(c;|x(k)) decide randomly, using
a pseudo random generator, from which component
density ¢; the feature vector x(k) occurs. Assume now
that the pseudo random generator selects the compo-
nent density c,.

Step 4: Parameters updating. Update the component
density ¢, model parameters as it is given in equations
(11,12). Parameter N;(k) corresponds to the expected
number of feature vectors that occur from the individ-
ual component density. The a priori probability p(c;)
(15) is updated when the counter k reaches M. Pa-
rameter M can be set to the number of all observable
feture vectors in X or to some arbirtary value.

Step 5: Stopping rule. If k reaches kmaz, stop; other-
wise proceed to Step 2 for the next feature vector, and
setk=Fk+1.

The above algorithm allows adjustments in the scale factor
(cs(k)), the numbers of considered feature vectors (IV,(k)
and M), and maximum number of steps (kmqz). In our
experiments, it has been shown, that a fairly good choice
for ae,(k) should equal the constant value within the range
[0.05 — 0.8], N,(k) should equal the constant value within
the range [10 — 1000], and M should equal N or some
value lower than NV if we deal with a huge set of observable
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feature vectors. We can also use a monotonically decreas-
ing scale factor az(k). The maximum number of steps
kmaz should be larger than IV,

4. ONE AND TWO-VARIATE GAUSSIAN
MIXTURE PDF MODELLING EXAMPLE

We evaluated the presented algorithm on one and two-
variate Gaussian mixture pdfs, generated using Gaussian
pseudo random number generators. Figure 2 shows graph-
ically the one-variate experimental results of the presented
algorithm. In particular, it gives an example, where we
assume, that we know the number (L = 5) of "hidden"
component densities. The initial estimations were set as it
is descibed in the previous section. Experimental results
show that the estimations of the component densities are
fairly close to the "hidden"” component densities.

Unobserved mixture probability density — | +7

Estimated mixture probability density

Unobserved component
probability density

Estimated component
probability density .-

Figure 2: A one-variate example of estimating the five
"hidden" components densities using the presented de-
scent algorithm.
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4.1. Convergence tests

The presented descent algorithm, which critically depends
on taking small steps in the direction of the gradient, of-
ten does not produce any monotonic improvement as it is
guaranteed by some reestimation algorithms. Thus, we
compared the convergence of the presented algorithm to
the one of the well known EM reestimation algorithm, us-
ing the logarithm of the total likelihood (1) as the crite-
rion function. When using the EM reestimation algorithm,
convergence occurs, when the gradient is zero. However,
similarly to the presented descent algorithm, the EM algo-
rithm does not guarantee to yield a global maximum.

We performed several convergence tests using two-variate
pseudo Gaussian mixture pdf with five relatively over-
lapped component densities. Figure 1 shows the logarithm
of total likelihoods after each cycle through the set of two-
variate pseudo random feature vectors. It can be seen that
the convergence of the presented algorithm is much faster
than the convergence of the EM algorithm, especially if the
EM algorithm is initialised in the same manner as the pre-
sented algorithm. The main disadvantage of the presented
algorithm remains in its non-monotonic improvement.

5. PHONES RECOGNITION EXAMPLE

For additional experiments, we used labelled continu-
ous speech signal frames cepstral feature vectors. The
continuous speech signal database incorporates 50 train-
ing and 30 testing sentences, spoken by a male speaker.
This represents approximately 5 minutes of speech and
about 42000 feature vectors. Speech signal is labelled
by 31 phone classes. This relatively small speech signal
database is described more precisely in [2, 7].

‘We built three VQ codebooks. The first one was obtained
using a conventional K-means clustering and an additional
Learning Vector Quantisation algorithm [6, 8]. Here we
used 9 centroid vectors per phone class. The second one
was obtained using a conventional K-means clustering [8]
for the initialisation step and the mentioned EM reestima-
tion algorithm. In this case, we used only 5 component
densities per phone class.

[ [ IVQ | EM | GD |

Vowels || 76.1% | 78.2% | 79.8%
Nasals || 83.3% | 83.9% | 84.9%
Sonorants || 60.5% | 62.2% | 65.6%
Nonsonorants || 61.5% | 70.1% | 74.3%
Total |} 70.9% | 75.4% | 77.3%

Table 1: Classification results for all tested VQ modelling
methods.

The last VQ codebook wa obtained using the presented
algorithm under equal conditions as in the previous case.
In all three cases, the maximum number of iterations was
selected to be 500000. In first two cases, there were addi-
tional approximately 100000 steps for the K-means clus-
tering initialisation algorithm. The results that the algo-
rithms achieved are given in Table 1. It can be seen that
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the presented descent algorithm yields fairly good results.
When using less iterations, the descent algorithm achieves
even better results then the other two. This proves the al-
ready mentioned rapid convergence of this algorithm. The
results of the LVQ algorithm exibit a major disadvantage
of the algorithm, which is in its concept, based on the Eu-
clidian distance distortion measure.

6. DISCUSSION

The paper presents an alternative approach to mixture pdf
modeling of a VQ codebook, using a rather specific gradi-
ent descent algorithm. First experimental results of Gaus-
sian mixture pdf modelling, derived from sets of normally
distributed one and two-dimensional pseudo random vec-
tors, are given. Additional experiments on continuous
speech signal frames feature vectors give comparable re-
sults to the well known Learning Vector Quantisation al-
gorithm and the EM reestimation algoritm. The presented
algorithm proved to be very robust due to the initial esti-
mations of the model parameter vector. Further, it con-
verges fast in comparison to the EM reestimation algo-
rithm. We intend to perform some additional experiments
on a much larger continuous speech signal database and
to incorporate the presented algorithm into the Hidden
Markov Model (HMM) concept [5].
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