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ABSTRACT

This paper establishes the relationship between a
weighted linear prediction method used for robust analysis
of voiced speech and the autoregressive modelling based on
higher-order statistics, known as cumulants.

INTRODUCTION

Recently, a robust linear prediction (LP) method
was presented for the analysis of voiced speech in which
the prediction error is weighted by the short-time energy
(STE) of the speech signal [1]. The purpose here is to
show that these weighted LP equations can be interpreted
in the framework of cumulant-based autoregressive (AR)
modelling. More precisely, the STE weighted LP equations
are shown to result from a selection and combination of 4th
and 2nd order cumulant-based AR normal equations. By
construction, the resulting system has positive coefficient
matrix and, in the autocorrelation case, bounds can be de-
termined on the zero location of the predictor [1].

THE STE WEIGHTED LP EQUATIONS

A standard approach in speech processing is to con-
sider that the discrete-time speech signal y(n) is the output
of a linear time-invariant system (see figure 1) with an all-
pole transfer function of the form H(z) = 1/Y % _, arz*,
ap = 1.
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fig. 1

The system is assumed to be causal and exponen-
tially stable which implies that all zeros of the denomina-
tor polynomial of H(z) lie strictly outside the unit circle.
The input £(n) to the system is either a sequence of glot-
tal pulses in the case of voiced sounds or white noise in
the case of unvoiced speech sounds. The equations of the
system can be written as

P

Zaky(n —k)=¢(n). (1)

k=0

In the least-squares approach, the system input-output equa-
tions can be interpreted as a linear regression in the sense
that y(n) is modelled as a linear combination of the speech
samples at previous instants and £(n) is regarded as the
residual error. The AR parameters a1, as,...,a, are esti-
mated by minimizing the total residual energy E = }_, ¢%(n)
and this leads to the usual set of equations dE/3a; = 0 for
1=1,2,...,p, or in view of (1)

14
e d yn—kyn-0=0,1=1,2,...,p. (2)

k=0 n

In [1] it is shown that a more robust estimation of the AR
parameters can be obtained if the residual error is weighted
by the short-time signal energy function computed over a
lagging window. More precisely, the AR coefficients are
obtained as solution of the linear system 9E,, /da; = 0 for
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Il =1,2,...,p, in which By = ¥, wne? is the weighted
residual energy, where w, = Z:/:o y?(n — 19 — v), with
7o > 1, is the short-time energy of the speech signal com-
puted over a window of length V +1 and lagging 1 samples
behind the residual €(n). Taking into account these expres-
sions, the (weighted) least-squares equations 8E,, /8a; = 0
can be written more explicitly as

VvV » )
D3 ar Y yln - kyy(n ~ Dy*(n — 1 —v) =0,

v=0k=0 n
1=1,2,...,p, 0> 1. (3)

CUMULANT-BASED AR NORMAL
EQUATIONS

An alternative approach is to consider that the speech

production mode] of figure 1 is a stationary stochastic pro-
cess driven by zero-mean white noise ¢(n) with variance 2.
In this context, the estimation of the AR parameters is ob-
tained from the following correlation-based normal equa-

tions [2]

4

> aR,(I-k)=0,

k=0

l=1,2,..,p (4)

where R,(t) is the autocorrelation function of the speech
signal. Equations (4) and (2) are essentially equivalent in
the sense that the theoretical autocorrelation function ap-
pearing in (4) is approximated by the sample average to
get (2). This approach to the identification of stationary
stochastic processes has been generalized to higher-order
statistics and in particular to cumulants in view of their
specific advantages [3,4]. Let {z1,z2,...,2,,} denote a
collection of random variables. The associated cumulant
of order m is defined [3,4,5] as the coeflicient of the term
V1V3...%y, in the power series expansion of the cumulant
generating function K(v) = In&{expjY =, vizi}.

The m-th order cumulant associated with a stochas-
tic process {y(n)} is defined as the cumulant of the set of
variables {y(t),¥(t + n),...,¥(t + Tm-1)}. If the process
is stationary, as assumed here, then the m-th order cumu-
lant only depends on m — 1 time lags and is denoted by
Cmy(T1,72,-..,Tm=1). The cumulant of order m can be
expressed in terms of the moments of same and lower or-
der [3,4]. The interest of curnulants of order m > 2 lies in
the fact that, unlike correlation functions, they preserve the
phase and are blind to independent additive Gaussian noise
on the observations. In the cumulant-based approach to
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parameter estimation, it is assumed that the input £(n) is
an independent, identically distributed non-Gaussian pro-
cess with m-th order cumulant Cp, (71, 72,...,Tm-1) =
Ym,e0(71)8(72) . . .6(Tm=1). Using this hypothesis, one can
show [6] that the m-th order cumulant-based normal equa-
tions for the AR process defined by (1) have the form

P

Y aCmy(ri — k72, o) = 0,
k=0

n>1, VY, ..., T 5)

Often, one only considers a projection of these equations
[3,6] by putting 73 = 74 = ... = Tim—1 = 0, which yields
the more tractable form

14
> axCrmy(r1 =k, 72,0,...,0) =0
k=0

n=4L2,..,p+ M, M2>0, Vr. (6)

LINK BETWEEN STE WEIGHTED LP AND
CUMULANT-BASED NORMAL EQUATIONS

The 4-th order cumnulant of a zero-mean stationary
process is related to the 4-th and lower order moments [3]
and for the specific values of the arguments used in (6) this
relation takes the following form

Cay(ri — k,m2,0) = E{¥* (1) y(t + m2) y(t + 71 — k)}
—Ry(0) Ry(r1 — 72 — k) — 2Ry(m2) Ry(m1 — k)(7)
If this expression for C, y is substituted in (6), one obtains

the following equations in terms of the moments of order 4
and 2

p
Y aE{P )yt + )yt + 1 — k)}
k=0

P
~Ry(0) Z arRy(my — 72 — k)
k=0

P
~2Ry(12) Y arRy(m — k) =0, 1 > 1,Yr2. (8)
k=0

For a zero-mean process, the cumulant of order 2 is equal
to the autocorrelation and, with m = 2, the cumulant-
based normal equations (6) can thus be rewritten as in (4)
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with > 1. Combining the latter with (8), one obtains the
following moment-based normal equations

P
S af{P Oyt + )yt +m - k)} =0,
k=0
7 > Max(l, 2+ 1), V. (9)

Let us now consider the subset of p equations obtained by
keeping ) fixed at some value 71,0 > 1 and by selecting the
slices 2 = 10— 1,..., 71,0 — p. Obviously, the inequality
71,0 > Max(1, 72 + 1) is then automatically satisfied and
the selected set of p equations can be written as

, _
S aE (P @)yt + m0— Dyt + 10— k)} =0,
k=0

1=1,2,.. (10)

The matrix of this system is positive since for all real

ﬁOyﬁh- . -1ﬁpa

D

p P

ZZﬁkﬁlft{yz(t) Yt+mo-Dylt+no—k)}=

k=0 1=0

E{D_ Bey®y(t + m0 - K} 20, (11)

k=0

with equality only if the process is purely harmonic. Ob-
viously, the same holds true if we add together the sets of
equations (10) obtained for different values of 1 ¢, and this
yields

To+V P

Z Zakc‘:{yz(i) yt+no—k)yit+mo-0} =0,

71,0=7o k=0

1=1,2,...,p (12)

The equivalence with the STE weighted LP equations (3)
is now clear provided that in (12) the expectation operator
is replaced by the sample average and provided we make
the substitution t = n — 1 9 and 10— 70+ 0.
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